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Effective action

In Euclidean functional integral for YM theory one has to allow the gluon condensate to be
nonzero:

Z = N

∫
FB

DA

∫
Ψ

DψDψ̄ exp{−S[A,ψ, ψ̄]}

FB =

{
A : lim

V→∞

1

V

∫
V
d4xg2Faµν(x)Faµν(x) = B2

}
.

L. D. Faddeev,
[arXiv:0911.1013 [math-ph]]

B.V. Galilo and S.N. Nedelko,
Phys. Rev. D84 (2011) 094017

H. Leutwyler,
Nucl. Phys. B 179 (1981) 129

Separation of the long range modes Baµ and local fluctuations Qaµ in the background Baµ,
background gauge fixing condition (D(B)Q = 0): Aaµ = Baµ +Qaµ

1 =

∫
B

DBΦ[A,B]

∫
Q

DQ

∫
Ω

Dωδ[Aω −Qω −Bω ]δ[D(Bω)Qω ]

Qaµ – local (perturbative) fluctuations of gluon field with zero gluon condensate: Q ∈ Q;
Baµ are long range field configurations with nonzero condensate: B ∈ B.

Z = N ′
∫
B

DB

∫
Q

DQ

∫
Ψ

DψDψ̄ det[D(B)D(B +Q)]δ[D(B)Q] exp{−S[B +Q,ψ, ψ̄]}
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Effective action

The character of long range fields has yet to be identified by the dynamics of fluctuations:

Z = N ′
∫
B

DB

∫
Ψ

DψDψ̄

∫
Q

DQdet[D(B)D(B +Q)]δ[D(B)Q] exp{−SQCD[B +Q,ψ, ψ̄]}

=

∫
B

DB exp{−Seff [B]}

Global minima of Seff [B] – field configurations that are dominant in the thermodynamic limit
V →∞. Homogeneous Abelian (anti-)self-dual fields are of particular interest.

〈F 2〉 : Aµ = −
1

2
n̆Fµνxν , F̃µν = ±Fµν

n̆ = T 3 cos ξ + T 8 sin ξ.

H. Pagels, and E. Tomboulis, Nucl.
Phys. B 143 (1978) 485
H. Leutwyler, Nucl. Phys. B 179
(1981) 129

G
(
p2
)
∼

1

p2

(
1− e−p

2/Bvac

)
H. Leutwyler, Phys. Lett. B 96 (1980)
154

A. Eichhorn, H. Gies and J. M.
Pawlowski, Phys. Rev. D 83, 045014
(2011)
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Ginzburg-Landau action

Ginzburg-Landau effective Lagrangian:

Leff = −
1

4B2

(
Dabν F

b
ρµD

ac
ν F

c
ρµ +Dabµ F

b
µνD

ac
ρ F

c
ρν

)
− Ueff

Ueff =
B4

12
Tr

(
C1F

2 +
4

3
C2F

4 −
16

9
C3F

6

)
,

B.V. Galilo, S.N. Nedelko, Phys.
Part. Nucl. Lett., 8 (2011) 67

D. P. George, A. Ram, J. E.
Thompson and R. R. Volkas,
Phys. Rev. D 87, 105009 (2013)
[arXiv:1203.1048 [hep-th]]

where

Dabµ = δab∂µ − iAabµ = ∂µ − iAcµ(T c)ab,

Faµν = ∂µA
a
ν − ∂νAaµ − ifabcAbµAcν ,

Fµν = FaµνT
a, Tabc = −ifabc

C1 > 0, C2 > 0, C3 > 0.
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Ueff possesses 12 degenerate discrete minima:

Aµ = −
1

2
nkFµνxν , F̃µν = ±Fµν ,

where the matrix n̆k belongs to the Cartan subalgebra of su(3)

nk = T 3 cos (ξk) + T 8 sin (ξk) ,

ξk =
2k + 1

6
π, k = 0, 1, . . . , 5.

P

Weyl

reflections
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Domain wall network

Leff = −
1

2
Λ2b2vac∂µω∂µω − b4vacΛ4

(
C2 + 3C3b

2
vac

)
sin2 ω,

leads to sine-Gordon equation

∂2ω = m2
ω sin 2ω, m2

ω = b2vacΛ2
(
C2 + 3C3b

2
vac

)
,

and the standard kink solution

ω(xν) = 2 arctg (exp(µxν)) , µ =
√

2mω .

q(x) = g2F̃F ∝ eh = cosω

V.Voronin (BLTP JINR) 29 July 2016 7 / 15



The general kink configuration can be parametrized as

ζ(µi, η
i
νxν − qi) =

2

π
arctan exp(µi(η

i
νxν − qi)).

ω(x1) = πζ(µ,−x1 − a)ζ(µ,−x1 + a)

ω(x1) = π
4∏
k=1

ζ(µ, ηiνxν − qi)
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A single lump in two, three and four dimensions is given by

ω(x) = π
k∏
i=1

ζ(µi, η
i
νxν − qi)

for k = 4, 6, 8, respectively. The general kink network is then given by the additive superposition
of lumps

ω = π
∞∑
j=1

k∏
i=1

ζ(µij , η
ij
ν xν − qij) S.N. Nedelko, V.E. Voronin

arXiv:1403.0415 [hep-ph]

〈F 2〉 = B2

〈|FF̃ |〉 = B2

〈F 2〉 = B2

〈|FF̃ |〉 � B2
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Eigenmodes in Abelian (anti)-self-dual field

Eigenvalue problem for scalar field in R4:

−
(
∂µ − iB̆µ

)2
Φ = λΦ,

Bµ = Bµνxν , B̃µν = ±Bµν , BµαBνα = B2δµν .

It can be rewritten as [
β+
±β± + γ+

+γ+ + 1
]

Φ =
λ

4B
Φ,

β± =
1

2
(α1 ∓ iα2), γ± =

1

2
(α3 ∓ iα4), αµ =

1
√
B
xµ + ∂µ,

β+
± =

1

2
(α+

1 ± iα
+
2 ), γ+

± =
1

2
(α+

3 ± iα
+
4 ), α+

µ =
1
√
B
xµ − ∂µ.

The eigenfunctions and eigenvalues are

Φnmkl(x) =
1

π2
√
n!m!k!l!

(
β+

+

)k (
β+
−

)l (
γ+

+

)n (
γ+
−

)m
Φ0000, Φ0000 = e−

1
2
Bx2

λr = 4B(r + 1), r = k + n (self-dual field), r = l + n (anti-self-dual field)

Propagator:

D2(x)G(x, y) = −δ(x− y), G(x, y) = eixB̆yH(x− y), H̃(p2) = 1−e−p2/B

p2
.
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Impact of electromagnetic fields on “QCD vacuum“

Strong electromagnetic fields are produced during relativistic heavy ion collisions

V. Voronyuk, V. D. Toneev, W. Cassing, E. L. Bratkovskaya,
V. P. Konchakovski and S. A. Voloshin, Phys. Rev C 84 (2011)
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Strong electro-magnetic field plays catalyzing role for deconfinement and anisotropies!

B.V. Galilo and S.N. Nedelko, Phys. Rev. D84 (2011) 094017
M. D’Elia, M. Mariti and F. Negro, Phys. Rev. Lett. 110, 082002 (2013)
G.S. Bali, F. Bruckmann, G. Endrodi, F. Gruber and A. Schaefer, JHEP 1304, 130 (2013)
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One-loop quark contribution to the effective potential in the presence of
arbitrary homogeneous Abelian fields

Ueff = −
1

V
Tr ln

i6D −m
i 6∂ −m

Effective potential (in units of B2/8π2)

Effective potential as a function of angles θ
and ξ for the pure magnetic field H = 0.9B
and φ = χ. The minimum is at θ = 0, ξ =
π/2.

Effective potential for H = 0.9B, E = 0.5B
and φ = χ = π/2. The minimum is at θ =
0, ξ = π/2.
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Chromomagnetic trap

0
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µ
2

√
HR

k = 0

k = 1

l =
0

l =
1

l =
2

l =
0

l =
1

l =
2

√
HRc ≈ 1.910

Rcrit ≈ 0.5 fm

Eigenvalue problem: [
−D̆2δµν + 2in̆Bµν

]
Qν = λ2Qµ,

n̆Qµ(x) = 0, x ∈ T =
{
x2

1 + x2
2 < R2, (x3, x4) ∈ R2

}
Spectrum:

λ2
alkν = p2

4 + p2
3 + µ2

alk + 2sνκav,

k = 0, 1, . . . ,∞, l ∈ Z,
s1 = 1, s2 = −1, s3 = s4 = 0, κa = ±1.

V.Voronin (BLTP JINR) 29 July 2016 13 / 15



In Minkowski space-time the problem turns to the wave equation

−
(
∂µ − iB̆µ

)2
φ(x) = 0.

The solutions are

φa(x) =
∑
lk

+∞∫
−∞

dp3

2π

1
√

2ωalk

[
a+
akl(p3)eix0ωakl−ip3x3 + bakl(p3)e−ix0ωakl+ip3x3

]
eilϑφalk(r),

φa†(x) =
∑
lk

+∞∫
−∞

dp3

2π

1
√

2ωalk

[
b+akl(p3)e−ix0ωakl+ip3x3 + aakl(p3)eix0ωakl−ip3x3

]
e−ilϑφalk(r),

p2
0 = p2

3 + µ2
akl, p0 = ±ωakl(p3), ωakl =

√
p2

3 + µ2
akl, quasiparticles

k = 0, 1, . . . ,∞, l ∈ Z.
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〈F 2〉 = B2

〈|FF̃ |〉 = B2

confinement

〈F 2〉 = B2

〈|FF̃ |〉 � B2

deconfinement

N.K. Nielsen, P. Olesen, Phys. Lett. B 79, 304 (1978).
H.B. Nielsen, P. Olesen. Nucl. Phys. B 160, 380 (1979).

J. Ambjørn, N.K. Nielsen, P. Olesen Nucl. Phys. B 152, 75 (1979).
J. Ambjørn, P. Olesen Nucl. Phys. B 170, 265 (1980).
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