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Preface                 The talk is devoted to the memory of D.V. Shirkov

We present the main stages in the development of the Analytic Perturbation Theory 
(APT) in QCD. Advantages of the APT approach are illustrated by a number applications 
to hadron processes. 

International Centre for Advanced Studies 
was created at Gomel State Technical 
University on the initiative of D.V. Shirkov.
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Дополнение 1. Ренорм-группа  
Боголюбова 50 лет спустя

3

Н. Н. Боголюбов. Собрание научных трудов, Том X

The renormalization-group method allows one to 
modify a perturbative expansions in accordance 
with the general principle of renormalization 
invariance.
The analytic approach is the next step in the RG 
method: 
This approach modifies the perturbative expansions 
so that the new approximations combine the 
renormalization invariance and the correct 
analytical properties of the series in the complex  
Q2-plane.
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Motto of APT activity

Some initial approximation breaks general properties,
using a representation, which accumulates general properties,
restoration of  these properties  =>  improved approximation.

I d e a:
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Outline
o History of the APT creation 
o Overview of theoretical framework:

low energy scales
o Some results of application of the 

APT
o From APT to FAPT
o DIS: FAPT: Q2 – evolution SF
o Target mass corrections in DIS 
o Conclusion
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[D.V. Shirkov and I.L. Solovtsov, «Analytic QCD running coupling with finite IR 
behaviour and universal αS(0) value», JINR Rapid Comm. No.2[76], 1996,  p. 5; 
Phys.  Rev.  Lett. 79  (1997) 1209]

History of the APT creation

Bakulev-Mikhailov-Stefanis 
[2005-2010]
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The Perturbation theory (PT) is a basic tool of calculation in quantum field theory. 

αS(Q2)

The idea to combine the renormalization invariance and the Q2 analyticity was 
generalized to the case of QCD twenty years ago by Shirkov and Solovtsov.

A further development of the analytic approach in QCD  led to the formulation 
of the APT method and to its numerous applications to hadronic physics.

This generalization has expanded the application of 
the APT to QCD analysis of the processes.

In the infrared region the RG-modified PT series remains unstable.



Well-known features of APT:

Overview of theoretical framework: Analytic approach

In the framework of APT the QCD running coupling (invariant charge)

can be reconstructed via the Kallen-Lehmann                                           
representation in which the relevant spectral 
density is defined as the imaginary part of the 
perturbative invariant charge constructed by 
the RG method in the Euclidean domain.

 free from unphysical singularities and without additional parameters

 infrared stable point which is independent of the scale parameter ΛQCD and 
higher-loop corrections

 the Euclidean and Minkowskian invariant charges are defined in a self-
consistent way and                               

 the better convergence properties of the APT nonpower expansions  and 
stability with respect to higher-loop corrections, the theoretical ambiguity 
associated with the choice of renormalization scheme is diminished.

 leads to an essential change in the IR behavior, but APT -> PT at large Q2 

APT =  PT  +  RG  + Q2 -analyticity
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QCD running coupling: PT and APT
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The higher-loop behavior of PT and APT couplings
Q2 (GeV2)



Overview of theoretical framework 
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This representation  defines the Adler function is an analytic function in the complex Q2

plane with a cut along the negative real axis.
To parameterize  R(s) in terms of QCD parameters a procedure  of analytic continuation 
from Euclidean (s-channel) to Minkowskian (t-channel) region is required. 

Overview of theoretical framework

The main object in description of hadronic part of many physical processes is a Π (q2 )

It is useful to introduce an Eucledean characteristic, the so-called the Adler function
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Minkowskian Euclidean
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Baikov, Chetyrkin, Kuhn, RPL (2008)
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The D-function defined in the spacelike region is a smooth function without traces of the 
resonance structure and one can expect that reflects more precisely the quark-hadron duality 
and will be a convenient object for comparing theoretical predictions with experimental data.
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Higher-loop PT orders 
not resolve this 
problem. 

The APT leads to     
a self-consistent 
definition of analytic 
continuation.



The APT: R-quantities

Olga Solovtsova

We analyzed various physical quantities and functions generated by R(s) based on 
the APT. A common feature of all these quantities and functions is that they are 
defined through the function R(s) integrated with some other function.

All these quantities include an infrared region as a part of the interval of integration 
and, therefore, they cannot be directly calculated within perturbative QCD.

The ratio of hadronic to leptonic tau-decay 
widths in the vector channel

The hadronic contribution to the anomalous 
magnetic moment of the leptons 
(in the leading order in the electromagnetic 
coupling constant)

K(s) - known  QED kernel 

2

0

, ,

( )1 ( )
3

had
l l

l e

dsa K s
s

R s

µ τ

α
π

∞

=

 =  
  ∫

2

2
0

2 ( ) ( )
M dsR P s R s

M

τ

τ
τ = ∫

Budva,  Oct. 6, 2016 13



Numerical results
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(R-D self-duality)

When expressions for quantity Q in terms of R(s) and D(Q2) are equivalent?
If one uses a method that does not maintain the required analytic properties of 
functions then these expressions are not equivalent.

The answer on the question about a simultaneous good agreement of various QCD 
observables is: 
the APT approach used is support required analytic properties and gives good 
description of the D-function down to low energy scale
and a manifestation of quark-hadron duality (which establishes a bridge between 
quarks and gluons, and real measurements with hadrons) via the Adler D-function.

Criterion of equivalence

0

  ( ) ( )M EQ Qdt E t D t
t

∞

≡= ∫

0

( ) ( )EQ
dt E t D t
t

∞

= ∫

0
( ) ( )MQ ds M s R ss

∞
= ∫

15Budva, Oct. 6, 2016



2

2 2
0

1
( )

(1 ) /
M s dx

x s m
x

x
=

+ −
= ∫

R-D  self-duality  presentations

0 0

2 2

( )( ) ( ) ( )
1 1
3 3

had hadds dt
M s R s t

s t
E t Da aµ µ

α α
π π

∞ ∞   = =   
   ∫ ∫

Example

From F. Jegerlehner (2008) data 
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D-function
The `light' Adler function constructed from  ALEPH tau-decay data

The theoretical approach (APT) which we used to describe the experimental curve works well 
(solid line) for the whole interval, including the infrared region. 

Note that any finite order of the operator product expansion (OPE) fails to describe 
the infrared tail  of the D-function  (dotted curve) . 

The experimental D-function (dashed curve) turned out to be a smooth and monotone function 
without traces of the resonance structure.

ALETH data

APT
PT+1/Q4

PT+1/Q4 +1/Q6

17Budva, Oct. 6, 2016



The polarized Bjorken Sum Rule
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The pQCD correction  ΔBj defined by the coefficient function  
has a form of the power series in αS and at the N3LO (in the massless case) reads as

[Baikov, Chetyrkin, Kühn (2010)]
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The polarized Bjorken Sum Rule
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In the APT case: 
one-loop ~ 70 %, 
two-loop ~ 20 %,  
three-loop ~ 5 %,  
four-loop ~ 1 %.

R.S. Pasechnik, D.V. Shirkov, O.V.Teryaev, O.P.Solovtsova, V.L.Khandramai, 
Phys. Lett. B 706 (2012) 340 

Order Q2
min µ4, GeV2 χ2

2 in PT 0.5 -0.025±0.004 0.80

3 in PT 0.66 -0.012±0.006 0.59

4 in PT 0.71 0.005±0.008 0.51

in APT 0.47 -0.043±0.002 0.82
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In the description of Q2 -evolution of the structure function (SF) moments the 
generalized powers (anomalous dimensions) for the running coupling appear. 
In the leading order (LO) the nonsinglet moments evolve as
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In the framework of the FAPT  this  expression transforms as follows:
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Deep inelastic scattering  

lepton
(e.µ,ν)

nucleon

DIS: xF3 

How the APT approach works in comparison with the 
ordinary PT?
Considering a combined set of the F3 –data:
the kinematic region of combined  set of data is
0.015 <  x < 0.8 and  0.5 GeV2 < Q2 < 196  GeV2

we extracted values of the scale parameter ΛQCD , the 
parameters of the form of the xF3, and compared the 
difference of the results of the PT and APT analysis 
with the corridor of experimental uncertainties. 

The APT/(Fractional)APT has been applied to DIS in a 
set of works:

 G.Cvetic, A.Y. Illarionov, B.A. Kniehl, A.V.Kotikov,
Phys. Lett. B 679 (2009) 350

 R.S. Pasechnik, D.V. Shirkov, O.V.Teryaev, O.P.Solovtsova, V.L.Khandramai, 
Phys. Rev. D81 (2010) 016010;  Phys. Lett. B 706 (2012) 340 

 A.V. Kotikov, V.G. Krivokhizhin, B.G. Shaikhatdenov, 
Phys. Atom. Nucl. 75 (2012) 507

 A.V. Sidorov,  O.P. Solovtsova,, Mod. Phys .Lett. A29 (2014) no.36, 1450194;
 C. Ayala, S. Mikhailov, Calculation of Nucleon Structure Function in APT

Phys. Rev. D92 (2015) 014028.
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We have found, that in the region Q2 > 1 GeV2 difference between APT and PT 
approaches not so big and is obviously shown only at large х-values. 

289



Fitting result
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We also obtained that APT Q2-evolution could be 
apply for the analysis of data for the polarized NS 
combination                   and  NS fragmentation 
function        .

3 8,  ∆ ∆x q x q
π +

VuD

2 2
3 0 03 3

( ) =  ( )  ( )∆ −PT APTxF xF Q xF Q

2
3 0( , ) (1 ) (1 )x xAF x Q x xα β γ= − + Α, α, β, γ, Λ - free parameters 

The QCD analysis of F3(x,Q2) data is simplified because one does not need to parameterize gluon 
and see quark contributions and can parameterize the shape of the F3(x,Q2) structure function  
itself at some Q2- value. 



On the threshold problem

The operator product expansion method is powerful tool to study properties of DIS 
structure functions. 

The OPE expansion was derived in the massless limit. If a finite mass for the nucleon 
target is considered, the new terms arise: leading to additional power terms of 
kinematical origin called the target mass corrections (TMC).

The TMC become larger and larger in the range of low Q2 and approaching to the 
kinematic limit as the Bjorken variable x tends to unity.

The OPE was first used to study target mass effects  by Georgi and Politzer
[H.Georgi and H.D.Politzer Phys. Rev. D 14 (1976)].

Georgi and Politzer (GP) approach  (or ξ -scaling approach  because it was formulated 
through the Nachtmann ξ-variable)  suffer the so-called threshold problem:
for the structure functions obtained by using this method have a difficulty arising 
from the violation of the spectral condition. It hence became a problem to describe 
the structure functions as the Bjorken variable  x tends to unity. 

For the structure functions the general quantum field theory principles, including 
covariance, Hermiticity, spectrality, and causality, are expressed by the Jost-
Lehmann-Dyson (JLD) integral representation.

It has been argued  by using the JLD representation, it is possible to get an 
expressions for the structure functions in terms of the quark distribution 
incorporating the target mass effects and having the correct spectral property.
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On the threshold problem

Reference
1. Georgi, Politzer, Phys. Rev. D 14 (1976)

XXI century
2. Solovtsov, Part. Nucl. Lett. (2000); 

(JLD)

3. Steffens, Melnitchouk, Phys.Rev.C 73 (2006)
A Review of Target Mass Corrections,   

J.Phys.G35:053101,2008.

2

2

M
Q

ε =
2

2( )
1 1 4

xx
x

ξ
ε

=
+ +

2

1 4
1 4

S x
x
εξ

ε
+

=
+

Figs. from Lashkevich, O.S, Theor. Math.  Phys., 160 (2009)

2

1 1 4( )
1 1 4

SM x x
x
εξ

ε
+ +

=
+ +

25Budva, Oct. 6, 2016



Comparison of TMC for unpolarized nucleon structure functions

TMC calculated by using the JLD method (s-method) noticeably differ from the
standard Georgi-Polizer method result (for x> 0.5) .

Q2 = 1 GeV2 
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Summary
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APT  -> leads to correct analytic  
properties

APT -> improves convergence properties
APT -> correct analytic continuation  from 

Euclidean to Minkowskian region   
APT -> gives stable results for the HT

and so on.

Thanks for your attention ! 

We performed the analyses some physical quantities by using the APT approach, 
which does not lead to any unphysical singularities.  

From the theoretical point of view, the remarkable properties of Shirkov-Solovtsov
analytic approach in QCD create the basis for its further development and 
successful applications.

It was shown how works the idea of APT in DIS, and that at low Q2, target
mass corrections to structure functions have calculated by using JLD method
noticeably differ from the standard Georgi-Polizer method result.

APT PT >   Λ Λ



Thanks for your attention again ! 

Postscript
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