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Introduction

What do we mean by lattice?

An arrangement of magnets to transport a beam of charged particles.
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Drawing Lattices

LATEX package tikz-palattice.

Nice way to visualise a lattice concept (if you are into LATEX).
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Lorentz Force

The force on a particle with charge q by electric field E and magnetic field B is the sum of the forces
from these fields

F = q(E + v × B).

For highly relativistic particles v ∼ c so the electric and magnetic fields have the same magnitude for
E = cB. However, for B = 1 T which can easily be achieved technically, this equates to E = 8× 108

Vm−1, which is beyond present engineering capabilities. Therefore we will concentrate on steering and
focusing of charged particles in magnetic fields and analogous with light is called beam optics.
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Transverse motion

Since magnetic fields produce forces perpendicular to the motion of a charged particle they cause
transverse motion, i.e. in the horizontal and vertical planes. We can define our coordinate system as

(a) (b)

Figure 1: (a) Coordinate system for charged particle in motion in a magnetic field. (b) End view of a dipole
magnet.

The coordinates are s which is tangent to the motion and follows along with the particle, x which is
positive outwards along the radius of curvature and z which is positive vertically upwards.
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Divergence

A beam consists of a bundle of trajectories which move about the reference orbit and have a certain
divergence from the orbit s in each plane given by

x ′ =
dx

ds
and z ′ =

dz

ds
.

In each plane a particle will have the coordinates (x , x ′, z , z ′) to describe their transverse motion. We
use magnetic fields to chance the position x and direction x ′ as they move in an accelerator. We shall
look at bending that force a particle in a horizontal (x) circular orbit, like in a storage ring, and at
focusing magnets that contain the divergence x ′ and z ′ of the beam so the trajectories don’t escape the
machine.
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Magnetic rigidity

For relativistic momentum p a magnetic field B
cases a change in momentum dp given by

F =
dp

dt
= ev × B

d |p|
dt

= |p|dθ
dt

=
|p|
ρ

ds

dt
.

We can also rewrite magnitude of the Lorentz
force as

e|v × B| = e|B|ds
dt
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Magnetic rigidity

Combining the two equations we get what is know as the magnetic rigidity

Bρ =
p

e
.

If we work in units where the momentum is expressed as pc which are units of energy rather than units
of momentum, then we get the formula

Bρ [Tm] = 3.34 [GeV/c]

For the CLS we get Bρ ∼ 9.7 Tm.
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Bending magnet

Now if we want to bend a beam by a certain angle θ we have the following:
From the geometry we get for small angles

sin
θ

2
=

(`/2)

ρ
=

`B

2(Bρ)

θ ≈ `B

Bρ
.

10 / 50



CLS bend magnet

For example, the CLS with the 2.9 GeV beam energy and the magnetic rigidity of 9.7 Tm, we have
dipole magnets that are 1.873 m long with a field of 1.354 T, so we get a bend angle from one diople of

θbend =
`B

2(Bρ)
=

1.87 · 1.35

9.7
= 0.26 rad.

Now we want the beam to go a full circle of 2π, so we need a number of these dipole in the CLS

Nbend =
2π

θbend
= 24.

The bend magnets are arranged in pairs across 12 symmetrical cells to form a 24 sided polygon referred
to as a ring for short hand.
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Focusing

In visible light optics we are familiar with a focusing lens to magnify or concentrate light.
In geometric optics, light rays passing through a
thin lens are deflected through an angle towards a
focal point. Rays coming into the lens further from
the horizontal axis are bent with a larger angle.

How do we construct such a lens to focus charged particles?
We need to construct a magnetic field that increases with distance from the reference orbit.
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Quadrupole magnet

Instead of using two parallel poles to produce a uniform field, we use four poles with hyperbolic curve
shapes on the poles to produce a field gradient. The field is cancelled at the centre of the quadrupole
and increases linearly along the positive x-direction.

(a) (b)

Figure 2: (a) End view of a quadrupole magnet. (b) Field of a quadrupole in the horizontal plane.

About the central point x = 0 the magnitude of the field increases in both directions, the opposite
direction of the B field ensures the force is always pointing to the centre of the quadrupole.
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Quadrupole strength

The strenght of the quadrupole can also be given in terms of the magnetic rigidity

k =
1

Bρ

dBz

dx
.

Then the angle of deflection of a particle at point x in a magnet of length l is

∆x ′ = θ =
`(dBz/dx)x

Bρ
= `kx .

Comparing to a focussing optical lens where the deflection is given by

∆x ′ = −x

f
,

we can define the focal length of a horizontally focusing quadrupole as

f = − 1

k`
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Mechanical analogy

If we place a series of these dipole and quadrupole magnets together we get bending and focusing forces
analogous to a marble running down a gutter.

(a) (b)

Figure 3: A marble running through a gutter (a) angle, (b) top view, as an analogy to a particle in a circular
accelerator.
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Phase space

When we observe the position and angle of a particle at one point each time it circulates, it carves out
an ellipse in x − x ′ phase space.

(a) (b)

Figure 4: (a) Horizontal position and angle at a point in s. (b) Lucus of points traces out by a particle
circulating in a storage ring.

16 / 50



Hills Equation

particle dynamics equation of motion

dp

dt
= q(E + v × B),

dE
dt

= F · v,

where we use the relativistic momentum and energy

p = γmv, E = γmc2.

Hills equation for linear motion in magnetic fields:

d2y

ds2
+ Ky(s)y = 0

A. Seryi, Unifying Physics of Accelerators, Lasers and Plasma, 2015.
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Matrix formalism

Goal: transport particle coordinates (x1, x
′
1) to another point in the accelerator lattice (x2, x

′
2).

Require matrices that describe the that describe the function of field free drifts, dipoles,
quadrupoles, etc. as determined from the equations of motion.

Mainly focus on circular machines or transport lines with alernating gradiants and strong focusing.
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Example matrix – drift

Consider a particle with an initial position and angle (x1, x
′
1) passing through a field-free drift space of

lenth ` (
x2
x ′2

)
=

(
1 `
0 1

)(
x1
x ′1

)
.

We see the angle does not change but there is an additional position offset dependent on the initial
angle.

x2 = x1 + `x ′1
x ′2 = x ′1
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Example matrix – quad

Consider a particle with an initial position and angle (x1, x
′
1) passing through a thin quadrupole of

strength k (
x2
x ′2

)
=

(
1 0
−1/f 1

)(
x1
x ′1

)
.

We see the position does not change but there is an additional angle offset dependent on the initial
position x2 = x1 and x ′2 = − x1

f + x ′1.
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Recap of Hill’s equation

Hill’s equation (linear periodic coefficients), where y
is used to denote either the x or z transverse
coordinate.

d2y

ds2
+ k(s)y = 0,

where a restoring force at the quadrupoles is give by

k = − 1

Bρ

dBz

dx
.

A solution in the horizontal plane

x =
√
β(x)ε cos(φ(s) + φ0).

Condition

φ =

∫
ds

β(s)
.

Property of a particular machine√
β(s)

Property of a particle beam ε. Physical meanings:

Beam envelope
√
β(s)ε.

Maximum particle excursions
y =

√
β(s)ε and y ′ =

√
β(s)/ε.
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Check Hill’s equation

Differentiate y =
√
β(s)ε cos(φ(s) + φ0) and substitute w =

√
β and φ = φ(s) + φ0 we get

y ′ =
√
ε

[
w ′(s) cosφ− dφ

ds
w(s) sinφ

]
.

For a solution to this equation we need dφ
ds = 1

β(s) = 1
w2(s) . Substitute and differentiate again we get

y ′ =
√
ε

[
w ′(s) cosφ− 1

w(s)
sinφ

]
y ′′ =

√
ε

[
w ′′(s) cosφ0−w ′(s)

w2(s)
sinφ+

w ′(s)

w2(s)
sinφ− 1

w3
cosφ

]
.

Now substitute into y ′′ + ky = 0
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Check Hills’ equation cont.

w ′′ − 1

w3
+ kw = 0.

This has no general analytical solution but if we put it back in terms of β we have the constraint

1

2
ββ′′ − 1

4
β′2 + kβ2 = 1.

The beam trajectory in the horizontal plane is then is described by the so called beta function β(s)
and the constant ε with the form

x(s) =
√
ε
√
β(s) cos(φ(s) + φ0),

with

φ(s) =

∫ s

0

dσ

β(σ)
.
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Liouville’s theorem

We can re-write the constraint from Hill’s equation as

γ(s)x2(s) + 2α(s)x(s)x ′(s) + β(s)x ′2(s) = ε,

where we define α(s) ≡ − 1
2β
′(s), β(s) ≡ w(s)2 and γ(s) ≡ 1+α2(s)

β(s) . This is the definition of the x − x ′

phase ellipse from the equations of motion and Liouville’s theorem states that the area of this phase
ellipse remains constant in time. This theorem and the equations of motion do not strictly hold during
acceleration for particles synchrotron radiation damping, the phase ellipse can shrink in these situations.
The area of an ellipse with major and minor axes a, b has an area A = abπ, so we can find that the area
of the phase space motion of a particle in an accelerator is A = πε. ε is also know as the
Courant-Snyder invariat for a single particle. We can then draw the ellipse which is then defined for
every point along the path s in an accelerator.
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Phase ellipse

Figure 5: Phase ellipse of Courant-Snyder invariant in x − x ′ at a single point s.
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Twiss Matrix

Now let us construct a matrix that takes us from point 1 to point 2 in the machine(
y(s2)
y ′(s2)

)
=

(
a b
c d

)(
y(s1)
y ′(s1)

)
= M12

(
y(s1)
y ′(s1)

)
We use w =

√
β and φ = 1

β = 1
w2 and have

y =
√
εw cos(φ+ φ0)

y ′ =
√
εw ′ cos(φ+ φ0)−

√
ε

w
sin(φ+ φ0)

We can construct two solutions, one with initial condition φ0 = 0 the so-called cosine solution C (s),
and one φ0 = π/2 the sine solution S(s). We then can place these in the matrix equation and solve for
a, b, c , d to find the matix elements.
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Twiss Matrix cont.

Writing φ = φ2 − φ1 the matrix elements are

M12 =

( w2

w1
cosφ− w2w

′
1 sinφ w1w2 sinφ

− 1+w1w
′
1w2w

′
2

w1w2
sinφ−

(
w ′1
w2
− w ′2

w1

)
cosφ w1

w2
cosφ+ w1w

′
2 sinφ

)

If we now simplify the situation to where system is periodic from 1→ 2, then
w1 = w2 = w ,w ′1 = w ′2 = w ′, µ = φ2 − φ1, the matrix becomes

M =

(
cosµ− ww ′ sinµ w2 sinµ

− 1+w2w ′2

w2 sinµ cosµ+ ww ′ sinµ

)
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Twiss Matrix cont.

Using the definition of the Twiss parameters from before we get α, β, γ (not to be confused with the
relativistic β, γ!)

α = −ww ′ = −β
′

2
,

β = w2,

γ =
1 + (ww ′)2

w2
=

1 + α2

β
.

The Twiss matrix can be simplified further to

M =

(
cosµ+ α sinµ β sinµ
−γ sinµ cosµ− α sinµ

)
=

(
a b
c d

)
We can now construct a lattice of a series of elements with a matrix defined for each element. This is
practically how accelerators and transfer lines are designed and their properties calculated.
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Lattice

Practically the solutions to the matrix equations are calculated with computers.

Figure 6: Twiss parameters as a function of s.
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Combining elements

To calculate a trajectory through a series of elements Mi we just multiply the matrices together to get
for example

XE = MD4 ·MQ3 ·MD3 ·MQ2 ·MD2 ·MQ1 ·MD1 · X0

30 / 50



Focusing doublet

For a pair of thin lenses with focusing power f1, f2 with a drift space length L in between we get

M1→2
x =

(
1 0
1
f2

1

)(
1 L
0 1

)(
1 0
− 1

f1
1

)
=

(
1− L

f1
L

− 1
f ∗ 1 + L

f2

)

where
1

f ∗
=

1

f2
− 1

f2
+

1

f1f2

For example when f1 = f2 we get focusing in both planes through the quadrupole doublet.
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FODO latice example

We can construct a lattice with a series of horizontally focusing (F) and defocusing quadrupoles (D)
spaced by drifts (O) to form a so called FODO cell

MFODO =

(
1 L

2
0 1

)(
1 0
1
f 1

)(
1 L

2
0 1

)(
1 0
− 1

f 1

)
MFODO =

(
1− L

2f −
L2

4f 2 L + L2

4f

− L
2f 2 1 + L

2f

)
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Stability criteria

For a particle to follow a stable trajectory through N periods and k orbits we need the following product
of matrices to not diverge

{M(s)}Nk .

To check this we write out the eigenvalue problem for coordinates (y , y ′) as Y and Twiss matrix M(s) as

MY = λY.

The solutions are then
det(M− λI ) = 0,

so we get
λ2 − λ(a + d) + 1 = 0.
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Stability criteria cont.

We can find that the Twiss matrix has detM = 1 and

cosµ =
1

2
TrM =

1

2
(a + d),

then we get
λ = cosµ± i sinµ = e±iµ.

So for a non-exponential growth or decay µ must be real and so

|1
2

TrM| ≤ 1,

and
|λ| = 1,

where λ is complex, |a + ib| =
√
a2 + b2. So, to test stability of a Twiss matrix M we can compute

these values numarically.
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Equation for off-momentum particles

So far we have dealt with particles of the same momentum, now lets add an off-momentum particle
with momentum deviation ∆p/p. For simplicity we have only bends and no gradients, then equation of
motion is

x ′′ +
1

ρ2
x =

1

ρ

∆p

p
.

We define a special trajectory D(s) for which ∆p/p = 1 which we call the dispersion function and we
get

D ′′(s) +
1

ρ2
D(s) =

1

ρ

∆p

p
.

Then our new particle trajectory consider the possibility of off-momentum particles is

x(s) = x0(s) + xD = x0(s) + D(s)
∆p

p
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Matrix for off-momentum particles

To account for this momentum deviation we add an extra term to our matrix to transform the particle
motion in both planes and in momentum

x(s)
x ′(s)
z(s)
z ′(s)
∆p/p

 = M ·


x0
x ′0
z0
z ′0

∆p/p


Since off-momentum particles will not have same the path length L of the reference orbit, they will have
a path difference ∆L. We can define this relative path length change as a ratio of the relative
momentum change as the momentum compaction factor

αc =
∆L/L

∆p/p
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Computer Codes

Real accelerators do not behave like Hill’s equation, so we need better physics and computer models!

While it was possible in the 1950s and even later, to design an accelerator with pencil and
paper, it is impossible today to design a beast like the LHC without the help of a
tracking/design code.

– Etienne Forest, From Tracking Code to Analysis (2016).
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Historical side note: design of first synchrotron

Mark Oliphant, Birmingham, 1950s.
Mark Oliphant notebook extract, 1943.
University of Adelaide Oliphant archives.
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The New Method
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USA vs USSR
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What about AUS?
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The Best Tool

The best tool for optics design is your own brain.

Trust but verify the results of a calculation.
A trades person never blames their tools.
Remember a useful design will need to be engineered someday, so take practical considerations into
account with your optics design quite early on in the process. E.g. magnets probably can’t be
touching...
Try to get to know the applicability and limits of the tool you use, example disclaimer:
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MADX example description

From Todd Satogata:
There are many other codes available for beamline design, particle tracking, electromag-netic field
calculations, plasma calculations, and other diverse areas of research in accelerator physics. MADX does
some things extremely well (particularly optics design and matching), and some things reasonably well
(tracking or pushing particles through magnets like in large accelerators). There are some things it does
not do very well though:

Acceleration and tracking simultaneously. (esme and BLonD are better longitudinal dynamics
engines.)

Not very good approximations for large excursions, particularly largeas found inFFAGs.

Tracking through spatial descriptions of measured magnetic fields (“field maps”: elegant and
zgoubi are better at this).

Very complicated magnet geometries (where field maps are usually better descriptions than
multipole coefficients anyway).

It is likely that you have been exposed to some already and will be exposed to many moreover the
course of your career.
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Transport Codes

A convenient list is available on the Wikipedia Accelerator Code Page
https://en.wikipedia.org/wiki/Accelerator_physics_codes.
Here is a summary list of some of the maintained codes:

MADX – CERN defacto standard code https://mad.web.cern.ch/mad/

MATLAB Accelerator Toolbox – from SLAC, now maintained at atcollab
http://atcollab.sourceforge.net/

Elegant https://www.aps.anl.gov/Accelerator-Operations-Physics/Software#elegant

OPA https://ados.web.psi.ch/opa/

OPAL https://gitlab.psi.ch/OPAL/src/wikis/home

Zgoubi – developed at Brookhaven https://zgoubi.sourceforge.io/, active user community
https://zgoubi-workshop.com/

G4beamline – hybrid accelerator and particle/nuclear physics code
http://www.muonsinternal.com/muons3/G4beamline

SIMION (commercial code) – https://simion.com/ (Initially developed by Don McGilvery, my
colleague at the Australian Synchrotron, for his PhD in 1978.)

Choose the right tool for the right job!
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From Code to Commissioning

More realistic codes have enabled machines such as the LHC to be commissioned rapidly with high
accuracy. There are also tools that are being developed to simulate commissioning which allow for
better understanding machines and helping to foresee issues during the design phase.

ALS-U accumulator ring commissioning tools, published October 2019
https://journals.aps.org/prab/abstract/10.1103/PhysRevAccelBeams.22.100702.

ALS-U new accumulator and storage rings.

ALS-U AR optics for one sector.
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ALS-U AR Example

ALS-U AR mechanical design.

ALS-U AR misalignment model.
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ALS-U AR Example

ALS-U AR possible offsets baased on mechanical
design.

ALS-U AR dynamic aperture improvements using
the commissioning model.
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Supplementary Codes

GEANT4 – possibility to add many physics
processes, not just EM fields, e.g. particle
decay, say muon beams.
https://geant4.web.cern.ch/

Fluka – radiation shielding considerations.
http://www.fluka.org/

Poisson – 2D magnet calculations.

Opera – 3D magnet calculations.
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Resources

Book to get started – Volker Ziemann, Hands-On Accelerator Physics Using MATLAB, CRC Press
(2019). https://www.crcpress.com/Hands-On-Accelerator-Physics-Using-MATLAB/

Ziemann/p/book/9781138589940

Book with advanced details – Etienne Forest, From Tracking Code to Analysis, Springer (2016).
https://www.springer.com/gp/book/9784431558026

USPAS course material https://uspas.fnal.gov/materials/materials-table.shtml

Example class Satogata and Peggs in 2019 http://toddsatogata.net/2019-USPAS/

CAS courses http://cas.web.cern.ch/ and CDS proceedings, search for CAS
https://cds.cern.ch/

Example class from Ziemann tutorial from CAS 2018
http://ziemann.web.cern.ch/ziemann/teaching/cas/2018/

49 / 50

https://www.crcpress.com/Hands-On-Accelerator-Physics-Using-MATLAB/Ziemann/p/book/9781138589940
https://www.crcpress.com/Hands-On-Accelerator-Physics-Using-MATLAB/Ziemann/p/book/9781138589940
https://www.crcpress.com/Hands-On-Accelerator-Physics-Using-MATLAB/Ziemann/p/book/9781138589940
https://www.springer.com/gp/book/9784431558026
https://uspas.fnal.gov/materials/materials-table.shtml
http://toddsatogata.net/2019-USPAS/
http://cas.web.cern.ch/
https://cds.cern.ch/
http://ziemann.web.cern.ch/ziemann/teaching/cas/2018/


Finally

Have fun designing your future collider!
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