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�̂G = e��Ĥ��[�], �[�] � log Tre��Ĥ
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��

(Local) Thermodynamic Potential

t

x

�t̄

t̄(x) = const.

LG distribution w/ � = {�µ, �}

d�µ � �µt̄



Variation formula for local equil.
 Variation formula in “hydrostatic gauge” 

hT̂µ⌫(x)iLGt̄ =
2p
�g

�

�gµ⌫(x)
 [t̄;�], hĴµ(x)iLGt̄ =
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⌫)hĴµit̄
⌘

@t̄ [t̄;�] =

Z
dd�1x̄

✓
£�gµ⌫

� 

�gµ⌫
+£�Aµ

� 

�Aµ

◆
On the other hand, since tµ = �µ , we can express the LHS as

Proof. 

 Variation formula in “hydrostatic gauge” 

hT̂µ⌫(x)iLGt̄ =
2p
�g

�

�gµ⌫(x)
 [t̄;�], hĴµ(x)iLGt̄ =

1p
�g

�

�Aµ(x)
 [t̄;�]

[ Banerjee et al.(2012), Jensen et al.(2012) , Haehl et al. (2015), MH(2017)] 



Variation formula for local equil.

Consider  time derivative of  [�]

=

Z
dd�1x̄

p
�g

✓
1

2
(rµ�⌫ +r⌫�µ)hT̂µ⌫iLGt̄ + (�⌫r⌫Aµ +A⌫rµ�

⌫)hĴµit̄
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�



SE [�, �̄; ẽ] =
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0̄ = e�ua, ẽ a
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�



SE [�, �̄; ẽ] =
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Kaluza-Klein gauge symmetry
(dt̃ = �id⌧)ds̃2 = �e2�(dt̃+ aīdx
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��

Local equil. {�(x), �v(x)}

�(x)

x

d�

QFT in the 
“curved spacetime” 
 with “line element”

Path int.

Local Thermal QFT
[ Hayata-Hidaka-MH-Noumi PRD(2015) ] 
[ MH (2017) ]

ds̃2 = ds̃2(�,~v)



Short Summary: Local Thermal QFT

�[t̄; �] � log Tr exp

��
d�t̄�

�
�µ(x)T̂ �

µ(x) + �(x)Ĵ�(x)
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ī)2 + �0
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ī)2 + �0
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- Building blocks： � = {e�, aī, µ, Aī}
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�Ĵµ(x)�LG
t̄ = nuµ

 Perfect fluid 



µR �= µL

Parity-odd case



Anomaly-induced transport

◆ Chiral Magnetic Effect (CME)

�j =
eµ5

2�2
�B NS

�j � �B

µR 6= µL

[ Fukushima et al.2008, Vilenkin 1980 ]

◆ Chiral Vortical Effect (CVE)

�j =
µµ5

2�2
��

µR 6= µL

�j � ��

[  Erdmenger et al. 2008, Son-Surowka 2009 ]
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Summary
　  Motivation:

　  Approach:

　  Application: 

NS

µ5 �= 0

�j � �B?

�(1) � �j =
eµ5

2�2
�B

�(x)

x

d�

Symmetry = Spatial diffeomorphism + Kaluza-Klein gauge

① Variation formula: hT̂µ⌫(x)iLG =
2p
�g

�

�gµ⌫(x)
 [�]

is written in terms of QFT in “curved spacetime” [�]②

QFT for Local Gibbs distribution

Quantum field theory under 
 local thermal equilibrium?

Derivation of  
Anomalous hydrodynamics

ds̃2 = �e2�(dt̃+ aīdx
ī)2 + �0

īj̄dx
īdxj̄



Outlook

　  superfluid/ Magneto-hydrodynamics:
Extension to cases with other zero modes  
                      s.t. Nambu-Goldstone-mode, Photon, Topological defect

　  Dissipation  and  Fluctuation:
How to implement dissipation and fluctuation based on QFT?

　  Non-dissipative   transport:
Evaluation of Masseiu-Planck fcn. in several situations

 - Becattinil et al. (2015)

- Zubarev et al. (1979) 
- Becattini et al. (2015) 
- Hayata, Hidaka, MH, Noumi (2015) 

s.t. in the presence of magnetic field/vorticity …
 - Hattori, Yin(2016)

- Haehl, Loganayagam, Rangamani (2015-) 
- Harder, Kovtun, Ritz (2015) 
- Crossley, Giorioso, Liu (2015-) 
- Jensen et al. (2017-)



Backup



What is Local Gibbs distribution?
Gibbs distribution Local Gibbs distribution

What is the state with maximizing 
information entropy: S(⇢̂) = �Tr⇢̂ log ⇢̂

under constraints:under constraints:

What is the state with maximizing 
information entropy: S(⇢̂) = �Tr⇢̂ log ⇢̂

hĤi = E = const., hN̂i = N = const. hT̂ 0
µ(x)i = pµ(x), hĴ0(x)i = n(x)

 Answer: 

 Lagrange multipliers: 

⇢̂G = e��Ĥ�⌫N̂� [�,⌫]

⇤a = {�, ⌫ = �µ}

 Answer: 
⇢̂LG = e�

R
dd�1x(�µT̂ 0

µ+⌫Ĵ0)� [�µ,⌫]

 Lagrange multipliers: �a(x) = {�µ(x), ⌫(x)}


