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Problems in perturbation theory
fx) = filx) (x—0)

f()_fo 1+Zax

Asymptotic series, even for small X

X can be not small
strong divergence!

Padeé approximants

Borel summation m=—=» not always applicable
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|deas of general theory

1. Incorporating control functions

{fk<x)} — {Fk(x’uk)}

2. Defining control functions
u, — u(x)
(F,(x,u,)] convergent

3. Finding transformation law
Fy = Fe

X
= Iy 2 Iy 2 2 8



Incorporating control parameters

1. Initial conditions
H Hamiltonian

H, = Hju)+e[H — Hy(u)]
Fk(x’uk> — <1A4(x) >k

Perturbation theory with respectto €

finally .



Incorporating control parameters

2. Reexpansion trick

(1) parameter substitution
m — u+8(m — u) X — €X
reexpand £, (ex,u+e(m—u)) in €
set ¢ — 1
(11) change of variable
x = x(z,u), reexpand f.(x(z,u))in z

Conformal du? ~ Vx+ui—u
mapping: * = (127" 2 = Jx-

2
U +U



Incorporating control parameters

3. Functional transformation

T[uk]fk<x) — Fk<x’uk)

fk(x) — T_l[uk]Fk(x’uk)
fractal transform

Tlu] fi(x) = x"f(x)



Defining control functions

Cauchy criterion
‘Fk—l—p(x’uk—l—p) o Fk(x’uk) ‘ < €

for k >n, p=20

Cauchy cost functional
C[l/l] — Z ‘ Fk—l—p(x’ uk-l—p) _
k=0

min Clu| — uk(x)

Optimized approximant

}k(x> — Fk('x’uk(x))



Transformation law

}k(x) — }k+1<x) ?
Reonomic constraint

Fo(x,uk(x)) = f

Expansion function

Endomorphism

J’k(f)
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Self-similar relation

Sequence limit === fixed point

() = »(f)

In the vicinity of a fixed point

yk-l—p(f) y




Approximation cascade

Dynamical system in discrete time

ly,: k=0,1,2,... |

{yk(f)} — {]k(x)}

trajectory sequence

yi(f) = f(x)

fixed point sequence |imit
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A

Approximation flow

Embedding cascade into flow
(vi(f): k=012, < {y(t,f): t20]

yle+t', f) = yle.y(t', f))

vk, f) = »(f)

1

23 k {
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Evolution equation

Differential Lie equation

% y(t,f) = viple

v(y) velocity (Gell-Mann-Low function)

Integral equation
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Self-similar

factor approximants

i) = £l 1+ni 0 ')

(k
All A., n. from

kil?2 k=2,4,..

1)/2 k=3,5,..

filx) = filx) (x - 0)
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Self-similar exponential approximants

fi(x) = fo<x>exp<c1xexp<czxﬂ
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Critical temperature
Scattering length @

A)

Particle density P
Interaction parameter Y = pmas

O(N) — symmetric (p4 field theory in 3d space
Free field (y — O)

9 >
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m T3

T.(y)?

I, =

Critical temperature
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Critical temperature shift

I Iy

AT
I
. A
Loop expansionin x = (N + 2 ) —=
N

“=~Cyy (y—-0)

Effective coupling A~ Y

Effective chemical potential W
5
Cy(x) = Z a,x" (x - 0)
n=1

but x — o (u — 0)
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Calculating critical temperature shift
We have: C,(x) for x — 0

We need.: C, = limy Cl%

Nk

C(x) = filx) = ayx + 4x )

l

filx) = Bx" (x - )

B, = a, || A4, B, = 1+ n, = 0
. —

file) = By = Cy()
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The coefficient C, of the critical temperature shift,

for a different number of the field components N,
compared with the available Monte Carlo simulations

N Cl Monte Carlo

0O 0.77%0.03

1 1.06x0.05 1.09%=0.09

1.29+0.05
2 1.29%0.07 1 3340.02

3 1.46+0.08

4 1.60x£0.09 1.60+0.10




Critical exponents

4
O(N) - symmetric (p  field theory in 3d space

Wilson € — expansion (e = 4—4d)

Factor approximants

file) =

Result

Error bar =+
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O(1) universality class

n =~ 0.0185185¢> + 0.01869¢° —
— 0.00832877¢" + 0.0256565¢”

v~ 2 —-0.333333c — 0.117284¢” + 0.124527¢ —
—0.30685¢" — 0.95124¢°

o ~ £— 0.62963¢° + 1.61822¢ —
—5.23514¢* + 20.7498¢”

Scaling relations o = 2 -3v, p = %(1+n)

5 = 2=
1 +m

y = v(2-m),
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4
Critical exponents for O(1) — symmetric (P field theory in 34,

calculated using self-similar factor approximants (FA), conformal

bootstrap conjecture (CB), and Monte Carlo simulations (MC).

FA CB MC

4 0.10645 0.11008  0.11026
p 0.32619  0.32642  0.32630
)4 1.24117  1.23708  1.23708
0 4.80502  4.78984  4.79091
H 0.03359  0.03630  0.03611
v 0.63118  0.62997  0.62991
W 0.78755  0.82966 0.830
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O(N) universality class (-2 < N < 10000 )

4
Exact critical exponents for O(N) — symmetric @ field theory
in 3d for N=—2 and N — ©

N=-2 N —> w©
& 0.5 -1
p 0.25 0.5
Yy 1 2
0 5 5
H 0 0
14 0.5 1
W 0.8 1
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Quark-gluon plasma
QCD, three colours N _ =3

High temperature, weak coupling

Massless fermions 7,
zero chemical potential

Dimensional regularization,
minimal subtraction scheme MS

Is it possible to get confinement — deconfinement
phase transition, considering expansions in
asymptotically small coupling ?

2
o — &

° 41
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Asymptotic pressure (g — 0)

8Tt 2 n ,
Plg) = =T (2 c,g"+c,'g'Ing)
n=20
c, = 0
Stefan — Boltzmann limit
B . 87[ 21
Reduced pressure
_ Py
Pr = P, — pk(g’M’T)

Renormalization scale in MS - W

P, = 1 + Zéng” + 54’g4lng, c, = —
n=>2
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Renormalization scale - U

Minimal difference condition
pilg.w.T) — pylg.un.T) =0
uw = u(g,T)

Reduced pressure

ps = 1 + Z’zgz + 53g3 + Z’Sgs
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Reduced pressure

" C
Py = eXp(ngz) (Cz = C_z)
0
p;k — exp(C2g2t3)
Cs
[, = eXp(C3gt3) (Cs — C_)
2

£ S

Ps = exp(ngzexp(C3gts))

ls = eXp(C5g2t5> (Cs — _)
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Renormalization group equation

k
bl’l n
B.(g) = —byg’ (1 + 2, b—g2 )
n=1 0
Initial condition: for ZO boson mass

g(m,) = 122285 (m, = 91187 MeV )
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Gell = Mann — Low function

Bi(g) = —byg exp(B,g’exp(B,g"...exp(B,t,g°)))

B, = —, [, = eXp<Bkg2tk)

RG equation B g = g(M)
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Temperature dependence

Minimal — difference condition = U0 = M(g, T)
Renormalization — group equation = g = g(u
Hence: w=u(T), g=g(T)

Pressure

pilg.n,T)— p(T)

~ 150 MeV




Conclusion

@ Self — similar approximation theory is a powerful
tool for extrapolating asymptotic series.

@ Influence of the coupling — parameter strength
on 1 inthe O(N) - symmetric ¢* theory.

@ Critical exponents for the phase transition of the
O(N) universality class.

@ Confinement — deconfinement transition
temperature in QCD.

@ Good agreement with numerical methods.
@ Low cost calculations. 30
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