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An effective chiral approach to Hadron physics: The extended linear sigma model (eLSM)

• Classical QCD has a global U(Nf)R × U(Nf)L symmetry: Chiral symmetry

• It is dynamically broken in vacuum by a nonzero quark condensate 〈q̄q〉 6= 0
and restored at nonzero temperature und chemical potential

• hadronic chiral partners are degenerated in the chirally restored phase

• Used since the sixties: The linear sigma model, now extended by
(axial-)vector mesons: eLSM

• We aim at achieving a reasonable description of hadron vacuum
phenomenology below 2 GeV

• We do not try to compute precision data or compete with lattice QCD

• But we are able to make a strong statement on the nature of low-lying scalar
mesons
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The scalar meson puzzle

• PDG lists too many scalar states to fit into a q̄q meson nonet:
f0(500), f0(980), f0(1370), f0(1500), f0(1710)

• Some of them might be multiquarks states (e.g. tetraquark [1]) or non-quark
states (e.g. glueball)

• Previous eLSM studies show that f0(1370), f0(1500) are most likely q̄q states
while f0(500), f0(980), f0(1710) do not fit in the q̄q picture

• Parganlija et al. [19] were able to obtain reasonable results for a three-flavor
eLSM
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Results from Ref. [19]



Chiral study of
the four-quark

f0(500)

Phillip
Lakaschus

Introduction to
the extended
linear sigma
model (eLSM)

Extension of the
eLSM by exotic
mesons

Results

Summary and
Outlook

References

Appendix Slides

Intepretation of the quark content of scalar mesons

• In this paper [19] the assignment of the σ-meson with the lightest scalar
resonance f0(500) leads to a very small decay width Γσ→ππ < 20 MeV - in
contradiction to the large decay width reported by the PDG, Γσ→ππ ≈ 550
MeV

• Furthermore, the pion-pion scattering length a00 turned out to be small -
which suggests to extend this model by an additional scalar degree of freedom
−→ Incorporate f0(500) as potential tetraquark candidate!



Chiral study of
the four-quark

f0(500)

Phillip
Lakaschus

Introduction to
the extended
linear sigma
model (eLSM)

Extension of the
eLSM by exotic
mesons

Results

Summary and
Outlook

References

Appendix Slides

Intepretation of the quark content of scalar mesons

• In this paper [19] the assignment of the σ-meson with the lightest scalar
resonance f0(500) leads to a very small decay width Γσ→ππ < 20 MeV - in
contradiction to the large decay width reported by the PDG, Γσ→ππ ≈ 550
MeV

• Furthermore, the pion-pion scattering length a00 turned out to be small -
which suggests to extend this model by an additional scalar degree of freedom

−→ Incorporate f0(500) as potential tetraquark candidate!



Chiral study of
the four-quark

f0(500)

Phillip
Lakaschus

Introduction to
the extended
linear sigma
model (eLSM)

Extension of the
eLSM by exotic
mesons

Results

Summary and
Outlook

References

Appendix Slides

Intepretation of the quark content of scalar mesons

• In this paper [19] the assignment of the σ-meson with the lightest scalar
resonance f0(500) leads to a very small decay width Γσ→ππ < 20 MeV - in
contradiction to the large decay width reported by the PDG, Γσ→ππ ≈ 550
MeV

• Furthermore, the pion-pion scattering length a00 turned out to be small -
which suggests to extend this model by an additional scalar degree of freedom
−→ Incorporate f0(500) as potential tetraquark candidate!



Chiral study of
the four-quark

f0(500)

Phillip
Lakaschus

Introduction to
the extended
linear sigma
model (eLSM)

Extension of the
eLSM by exotic
mesons

Results

Summary and
Outlook

References

Appendix Slides

Scalar and pseudoscalar mesons

• Mesons are assumend to be q̄q-states: → meson multiplet Φ ∼ q̄RqL

• Φ
UR×UL−→ ULΦU†R , Φ†

UR×UL−→ URΦ†U†L
• Φ = φaTa, where Ta are the generators of U(Nf )

• Write down Lagrangian using chiral invariants

(Pseudo-)scalar meson Lagrangian

LS = Tr
[
(∂µΦ)†(∂µΦ)− µ2Φ†Φ− λ2(Φ†Φ)2

]
− λ1(Tr[Φ†Φ])2

+ c(detΦ† + detΦ) + h0Tr[Φ
† + Φ] (1)
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(Axial-)vector mesons

• Rµ ∼ q̄RγµqR , Lµ ∼ q̄LγµqL

• Rµ
UR×UL−→ URRµU

†
R , Lµ

UR×UL−→ ULLµU
†
L

• Rµ = Ra
µTa , Lµ = LaµTa.

(Axial-)vector meson Lagrangian

LV = −1

4
Tr
[
(Lµν)2 + (Rµν)2

]
+

m2
1

2
Tr
[
(Lµ)2 + (Rµ)2

]
− i

g2
2

(
Tr
[
Lµν [Lµ, Lν ]

]
+ Tr

[
Rµν [Rµ,Rν ]

])
+ g3 (Tr [LµLνL

µLν + RµRνR
µRν ]) + g4

{
Tr
[
(Lµ)2(Lν)2

]
Tr
[
(Rµ)2(Rν)2

]}
+ g5 Tr

[
(Rµ)2

]
Tr
[
(Lν)2

]
+ g6

{
Tr
[
(Rµ)2

]
Tr
[
(Rν)2

]
+ Tr

[
(Lµ)2

]
Tr
[
(Lν)2

]}
(2)

• Vector mesons: Vµ =
1

2
(Rµ + Lµ), axial-vector mesons: Aµ =

1

2
(Lµ − Rµ).
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(Axial-)vector mesons
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More interaction terms

Interaction between (pseudo-)scalar and (axial-)vector mesons

LSV = ig1Tr
[
∂µΦ(Φ†Lµ − RµΦ†)− ∂µΦ†(LµΦ− ΦRµ)

]
+

h1
2
Tr[Φ†Φ]Tr

[
(Lµ)2 + (Rµ)2

]
+ (g2

1 + h2)Tr
[
Φ†LµL

µΦ + ΦRµR
µΦ†

]
− 2(g2

1 − h3)Tr
[
ΦRµΦ†Lµ

]
(3)

=⇒ Complete meson Lagrangian given by:

LM = LS + LV + LVS (4)
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Two-Flavor Multiplets

Scalar meson multiplet in two flavors:

Φ =
√

2ψ̄R
j ψ

L
i =

1√
2


σ + a00 + i(η + π0)√

2
a+0 + π+

a−0 + π−
σ − a00 + i(η − π0)√

2

 . (5)

Vector- and axial-vector mesons are contained in the right- and left-handed meson
matrices:

Rµ =
√

2ψ̄R
j γµψ

R
i =

1√
2


ωµ + ρ0µ − f1,µ − a01,µ√

2
ρ+µ − a+1,µ

ρ−µ − a−1,µ
ωµ − ρ0µ − f1,µ + a01,µ√

2

 , (6)

Lµ =
√

2ψ̄L
j γµψ

L
i =

1√
2


ωµ + ρ0µ + f1,µ + a01,µ√

2
ρ+µ + a+1,µ

ρ−µ + a−1,µ
ωµ − ρ0µ + f1,µ − a01,µ√

2

 . (7)
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Baryon Lagrangian in the mirror assignment

Lmirror = Ψ̄1LiγµD
µ
1LΨ1L + Ψ̄1R iγµD

µ
1RΨ1R + Ψ̄2LiγµD

µ
2RΨ2L + Ψ̄2R iγµD

µ
2LΨ2R

− ĝ1(Ψ̄1LΦΨ1R + Ψ̄1RΦ†Ψ1L)− ĝ2(Ψ̄2LΦ†Ψ2R + Ψ̄2RΦΨ2L)

−m0

(
Ψ̄1LΨ2R − Ψ̄1RΨ2L − Ψ̄2LΨ1R + Ψ̄2RΨ1L

)
. (8)

where Dµ
1/2,R = ∂µ − ic1/2R

µ, Dµ
1/2,L = ∂µ − ic1/2L

µ.

• In original LSM model the mass of the nucleon is completely generated by
the chiral condensate

• In this model a mass term is introduced that gives a contribution to the
nucleon mass that does not stem from the chiral condensate

• This is possible by the so-called mirror assignment:

Ψ1,R/L → UR/LΨ1,R/L Ψ2,R/L → UL/RΨ2,R/L (9)
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Results of Refs. [2, 15]

Table: scattering parameters for mN∗ = 1535MeV

Parameter Value Experiment

mπ a
(−)
0 0.0782 0.0883± 0.0014

m3
π a

(−)
1+ −0.048 −0.081± 0.002

m3
π a

(−)
1− −0.042 −0.013± 0.003

m3
π r

(−)
0 0.022 0.007± 0.005

mπ a
(+)
0 −0.0083 −0.0012± 0.0010

m3
π a

(+)
1+ 0.049 0.130± 0.003

m3
π a

(+)
1− −0.093 −0.056± 0.010

m3
π r

(+)
0 0.009 −0.06± 0.02
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• Furthermore, it is found m0 ≈ 500MeV, so a large contribution to the
nucleon mass stems from other sources than the chiral condensate

• m0 can be interpreted as contribution from other condensates than the chiral
condensate, e.g., the gluon or tetraquark condensate

• [aχ+ bG + cN (detΦ + h.c.)]
(
Ψ̄1LΨ2R − Ψ̄1RΨ2L + h.c.

)
• Upon condensation χ→ χ0, G → G0, σ → σ0:

m0 ≡ aχ0 + bG0 +
cNϕ

2

2
• We hope now to kill two birds with on stone: Incorporating the tetraquark

and the scalar glueball should affect both mesonic observables (decay width
Γf0(500)→ππ, Γf0(1370)→ππ, Γf0(1710)→ππ and pion-pion scattering lengths) and
baryonic observables (pion-nucleon scattering)



Chiral study of
the four-quark

f0(500)

Phillip
Lakaschus

Introduction to
the extended
linear sigma
model (eLSM)

Extension of the
eLSM by exotic
mesons

Results

Summary and
Outlook

References

Appendix Slides

• Furthermore, it is found m0 ≈ 500MeV, so a large contribution to the
nucleon mass stems from other sources than the chiral condensate

• m0 can be interpreted as contribution from other condensates than the chiral
condensate, e.g., the gluon or tetraquark condensate

• [aχ+ bG + cN (detΦ + h.c.)]
(
Ψ̄1LΨ2R − Ψ̄1RΨ2L + h.c.

)
• Upon condensation χ→ χ0, G → G0, σ → σ0:

m0 ≡ aχ0 + bG0 +
cNϕ

2

2
• We hope now to kill two birds with on stone: Incorporating the tetraquark

and the scalar glueball should affect both mesonic observables (decay width
Γf0(500)→ππ, Γf0(1370)→ππ, Γf0(1710)→ππ and pion-pion scattering lengths) and
baryonic observables (pion-nucleon scattering)



Chiral study of
the four-quark

f0(500)

Phillip
Lakaschus

Introduction to
the extended
linear sigma
model (eLSM)

Extension of the
eLSM by exotic
mesons

Results

Summary and
Outlook

References

Appendix Slides

• Furthermore, it is found m0 ≈ 500MeV, so a large contribution to the
nucleon mass stems from other sources than the chiral condensate

• m0 can be interpreted as contribution from other condensates than the chiral
condensate, e.g., the gluon or tetraquark condensate

• [aχ+ bG + cN (detΦ + h.c.)]
(
Ψ̄1LΨ2R − Ψ̄1RΨ2L + h.c.

)

• Upon condensation χ→ χ0, G → G0, σ → σ0:

m0 ≡ aχ0 + bG0 +
cNϕ

2

2
• We hope now to kill two birds with on stone: Incorporating the tetraquark

and the scalar glueball should affect both mesonic observables (decay width
Γf0(500)→ππ, Γf0(1370)→ππ, Γf0(1710)→ππ and pion-pion scattering lengths) and
baryonic observables (pion-nucleon scattering)



Chiral study of
the four-quark

f0(500)

Phillip
Lakaschus

Introduction to
the extended
linear sigma
model (eLSM)

Extension of the
eLSM by exotic
mesons

Results

Summary and
Outlook

References

Appendix Slides

• Furthermore, it is found m0 ≈ 500MeV, so a large contribution to the
nucleon mass stems from other sources than the chiral condensate

• m0 can be interpreted as contribution from other condensates than the chiral
condensate, e.g., the gluon or tetraquark condensate

• [aχ+ bG + cN (detΦ + h.c.)]
(
Ψ̄1LΨ2R − Ψ̄1RΨ2L + h.c.

)
• Upon condensation χ→ χ0, G → G0, σ → σ0:

m0 ≡ aχ0 + bG0 +
cNϕ

2

2

• We hope now to kill two birds with on stone: Incorporating the tetraquark
and the scalar glueball should affect both mesonic observables (decay width
Γf0(500)→ππ, Γf0(1370)→ππ, Γf0(1710)→ππ and pion-pion scattering lengths) and
baryonic observables (pion-nucleon scattering)



Chiral study of
the four-quark

f0(500)

Phillip
Lakaschus

Introduction to
the extended
linear sigma
model (eLSM)

Extension of the
eLSM by exotic
mesons

Results

Summary and
Outlook

References

Appendix Slides

• Furthermore, it is found m0 ≈ 500MeV, so a large contribution to the
nucleon mass stems from other sources than the chiral condensate

• m0 can be interpreted as contribution from other condensates than the chiral
condensate, e.g., the gluon or tetraquark condensate

• [aχ+ bG + cN (detΦ + h.c.)]
(
Ψ̄1LΨ2R − Ψ̄1RΨ2L + h.c.

)
• Upon condensation χ→ χ0, G → G0, σ → σ0:

m0 ≡ aχ0 + bG0 +
cNϕ

2

2
• We hope now to kill two birds with on stone: Incorporating the tetraquark

and the scalar glueball should affect both mesonic observables (decay width
Γf0(500)→ππ, Γf0(1370)→ππ, Γf0(1710)→ππ and pion-pion scattering lengths) and
baryonic observables (pion-nucleon scattering)



Chiral study of
the four-quark

f0(500)

Phillip
Lakaschus

Introduction to
the extended
linear sigma
model (eLSM)

Extension of the
eLSM by exotic
mesons

Results

Summary and
Outlook

References

Appendix Slides

Table of Contents

1 Introduction to the extended linear sigma model (eLSM)

2 Extension of the eLSM by exotic mesons

3 Results

4 Summary and Outlook

5 References

6 Appendix Slides



Chiral study of
the four-quark

f0(500)

Phillip
Lakaschus

Introduction to
the extended
linear sigma
model (eLSM)

Extension of the
eLSM by exotic
mesons

Results

Summary and
Outlook

References

Appendix Slides

Constructing tetraquarks using diquark currents

• Meson molecule: Mab = εacdε
bef (Φ†)ce(Φ†)df

• Scalar tetraquark from diquark: ScC =
1√
2
εcabεCAB qTaACγ

5qbB

−→ Tab = S†aCSbC

• There is only one scalar tetraquark in the two-flavor case which transforms as
singlet under SU(2)R × SU(2)L chiral symmetry

Tetraquark-Quarkonium interaction terms

gχ χ (detΦ + h.c.) & gAV χ(detRµ + det Lµ) . (10)

Noteworthy: These terms contribute to a mass shift

gχχ
(
σ2 + ~π2 − η2 − ~a20

)
& gAVχ

(
~ρ 2
µ + ~a21,µ − ω2

µ − f 21,µ
)
. (11)
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Constructing tetraquarks using diquark currents

• Meson molecule: Mab = εacdε
bef (Φ†)ce(Φ†)df

• Scalar tetraquark from diquark: ScC =
1√
2
εcabεCAB qTaACγ

5qbB

−→ Tab = S†aCSbC

• There is only one scalar tetraquark in the two-flavor case which transforms as
singlet under SU(2)R × SU(2)L chiral symmetry

Tetraquark-Quarkonium interaction terms

gχ χ (detΦ + h.c.) & gAV χ(detRµ + det Lµ) . (10)
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Dilatation symmetry and the scalar glueball

• Gluons interact strongly with each other so they can form colorless bound
states

• The classical Yang-Mills part of QCD has a dilatation symmetry which is
broken at quantum level (trace anomaly)

• This can be modeled by introducing a dilaton field whose excitations are
interpreted as the scalar glueball



Chiral study of
the four-quark

f0(500)

Phillip
Lakaschus

Introduction to
the extended
linear sigma
model (eLSM)

Extension of the
eLSM by exotic
mesons

Results

Summary and
Outlook

References

Appendix Slides

Dilatation symmetry and the scalar glueball

• Gluons interact strongly with each other so they can form colorless bound
states

• The classical Yang-Mills part of QCD has a dilatation symmetry which is
broken at quantum level (trace anomaly)

• This can be modeled by introducing a dilaton field whose excitations are
interpreted as the scalar glueball



Chiral study of
the four-quark

f0(500)

Phillip
Lakaschus

Introduction to
the extended
linear sigma
model (eLSM)

Extension of the
eLSM by exotic
mesons

Results

Summary and
Outlook

References

Appendix Slides

Dilatation symmetry and the scalar glueball

• Gluons interact strongly with each other so they can form colorless bound
states

• The classical Yang-Mills part of QCD has a dilatation symmetry which is
broken at quantum level (trace anomaly)

• This can be modeled by introducing a dilaton field whose excitations are
interpreted as the scalar glueball



Chiral study of
the four-quark

f0(500)

Phillip
Lakaschus

Introduction to
the extended
linear sigma
model (eLSM)

Extension of the
eLSM by exotic
mesons

Results

Summary and
Outlook

References

Appendix Slides

Incorporating the Glueball

Glueball Lagrangian

The trace anomaly is modeled by the term

Ltrace anomaly = −1

4

m2
G

Λ2
G 4

(
ln

∣∣∣∣GΛ
∣∣∣∣− 1

4

)
. (12)

On the other hand, all other terms must be dilatation invariant:

Ldil = −µ2G
2

G 2
0

Tr
[
Φ†Φ

]
+ m2

1

G 2

G 2
0

Tr
[
R2
µ + L2µ

]
+ 2gχ

G

G0
χ (detΦ + h.c.)− 2gAV

G

G0
χ(detRµ + det Lµ) . (13)
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The model

• We have a model with three scalar states: The scalar quarkonium, tetraquark
and glueball

• This leads to a mixing problems which can be solved by an O(3) rotation

• We test our models by evaluating the decay widths Γσphys→ππ, Γχphys→ππ and
ΓGphys→ππ, the pion-pion s-wave scattering lengths a0ππ,0 and a2ππ,0 and the

isospin-even pion-nucleon scattering parameters a
(+)
0 , a

(+)
1+ , a

(+)
1− and r

(+)
0

• For details on the calculation of these observables please refer to paper:
https://arxiv.org/abs/1807.03735
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Parameters of the fit

• The Lagrangian contains twelve parameters that are of relevance for our fit:
µ2, λ1, λ2, c,m

2
1, h1 + h2 ≡ h, h3, gχ, gAV,mχ,MG ,G0.

• We fix the parameters λ2, h3, c , µ
2,m2

1, gAV by the masses
mη,mπ,mρ,ma1 ,mf1 ,mω and the remaining model parameters included in the
fit

• Thus, five parameters h, gχ,mχ,MG ,G0 need to be fitted in a χ2 fit
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Assignments of the degrees of freedom

Field Assignment Masses

H f0(500) 475± 75 MeV

S f0(1370) 1350± 150 MeV

G ′ f0(1710) 1723± 5 MeV

a0 a0(1450) 1474± 19 MeV

a1 a1(1260) 1230± 40 MeV

ρ ρ(770) 775.26± 0.25 MeV

f1 f1(1285) 1281.9± 0.5 MeV

ω ω(782) 782.65± 0.12 MeV

Table: The masses of the fields as given by the PDG [16].
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Results

Param. Value

gχ 2.87± 0.54 MeV
h 5.12± 2.75
MG 1543± 84 MeV
G0 406± 135 MeV
mχ 534± 33 MeV

gAV −11999± 738 MeV

µ2 −873× 103 MeV2

m2
1 7332 MeV2

c 99× 103 MeV2

mσ 1401MeV
χ0 0.24± 0.02 MeV

Observ. Value Exp. Data

MH 534± 33 MeV 475± 75 MeV
MS 1215± 113 MeV 1350± 150 MeV
MG ′ 1694± 49 MeV 1720± 50 MeV

ΓH→ππ 504± 148 MeV 550± 150 MeV
ΓS→ππ 479± 98 MeV 325± 150 MeV
ΓG ′→ππ 29± 7 MeV 29.3± 6.5 MeV
mπa

0
0 0.210± 0.016 0.218± 0.02

mπa
2
0 −0.027± 0.005 −0.046± 0.013

Table: The result of the fit where the glueball is included. χ2
red = 1.8
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Mixing

From this fit the following scalar-isoscalar mixing matrix is obtained:

OT =

1.00 −0.00 0.00
0.00 0.81 −0.59
0.00 0.59 0.81

 , (14)

which corresponds to the following admixtures of the physical states:

f0(500) : 100%χ, 0%σ, 0%G , (15)

f0(1370) : 0%χ, 65%σ, 35%G , (16)

f0(1710) : 0%χ, 35%σ, 65%G . (17)
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Again: Pion-Nucleon scattering

• We have two couplings: tetraquark-nucleon coupling a and glueball-nucleon

coupling b; m0 = (aχ0 + bG0 +
cN
2
σ20)

• Rewrite a =
m0 − bG0 − cN/2σ20

χ0
and fit b

Resuts for the baryon sector

Parameter Value Experiment

mπ a
(+)
0 −0.0029 −0.0012± 0.0010

m3
π a

(+)
1+ 0.047 0.133± 0.004

m3
π a

(+)
1− −0.092 −0.056± 0.010

m3
π r

(+)
0 0.012 −0.06± 0.02

Table: Best fit where a = 0.802, b = 1.138, cN = 0 (here the glueball contribution
dominates).



Chiral study of
the four-quark

f0(500)

Phillip
Lakaschus

Introduction to
the extended
linear sigma
model (eLSM)

Extension of the
eLSM by exotic
mesons

Results

Summary and
Outlook

References

Appendix Slides

Again: Pion-Nucleon scattering

• We have two couplings: tetraquark-nucleon coupling a and glueball-nucleon

coupling b; m0 = (aχ0 + bG0 +
cN
2
σ20)

• Rewrite a =
m0 − bG0 − cN/2σ20

χ0
and fit b

Resuts for the baryon sector

Parameter Value Experiment

mπ a
(+)
0 −0.0029 −0.0012± 0.0010

m3
π a

(+)
1+ 0.047 0.133± 0.004

m3
π a

(+)
1− −0.092 −0.056± 0.010

m3
π r

(+)
0 0.012 −0.06± 0.02

Table: Best fit where a = 0.802, b = 1.138, cN = 0 (here the glueball contribution
dominates).



Chiral study of
the four-quark

f0(500)

Phillip
Lakaschus

Introduction to
the extended
linear sigma
model (eLSM)

Extension of the
eLSM by exotic
mesons

Results

Summary and
Outlook

References

Appendix Slides

Table of Contents

1 Introduction to the extended linear sigma model (eLSM)

2 Extension of the eLSM by exotic mesons

3 Results

4 Summary and Outlook

5 References

6 Appendix Slides



Chiral study of
the four-quark

f0(500)

Phillip
Lakaschus

Introduction to
the extended
linear sigma
model (eLSM)

Extension of the
eLSM by exotic
mesons

Results

Summary and
Outlook

References

Appendix Slides

Summary

• We have extended the eLSM by a scalar tetraquark and a scalar glueball
degree of freedom

• Our ambitious goal was to explain both pure meson and meson-baryon
phenomenology

• We got reasonable results in the pure meson sector, a00 and Γf0(500)→ππ agree
now very well with data!

• pion-nucleon scattering parameters still not satisfying
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Conclusions and Outlook

• The coupling of the scalar tetraquark to scalar quarkonia is very small, but
the coupling to axial-vector mesons is very important → Why?

• There are many possible ways to extend this model:

1 Include all interaction terms up to order 4 + anomaly term
2 Extend model to three-flavor case: This enables a study of all scalar resonances

up to 2 GeV
3 Include ∆ resonance, this would contribute both to isospin-even and

isospin-odd scattering parameters
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Complete meson lagrangian

Φ
U(2)R×U(2)L

=⇒ Φ′ = ULΦU†R , Rµ
U(2)R×U(2)L

=⇒ R ′µ = URRµU
†
R (18)

Lmeson = Tr
[
(DµΦ)†(DµΦ)− µ2Φ†Φ− λ2(Φ†Φ)2

]
− λ1(Tr[Φ†Φ])2 + c(detΦ† + detΦ)

+ h0Tr[Φ
† + Φ]− 1

4
Tr
[
(Lµν)2 + (Rµν)2

]
+

m2
1

2
Tr
[
(Lµ)2 + (Rµ)2

]
+

h1
2
Tr[Φ†Φ]Tr

[
(Lµ)2 + (Rµ)2

]
+ h2Tr

[
Φ†LµL

µΦ + ΦRµR
µΦ†

]
+ 2h3Tr

[
ΦRµΦ†Lµ

]
− i

g2
2

(
Tr
[
Lµν [Lµ, Lν ]

]
+ Tr

[
Rµν [Rµ,Rν ]

])
+ g3 (Tr [LµLνL

µLν + RµRνR
µRν ]) + g4

{
Tr
[
(Lµ)2(Lν)2

]
Tr
[
(Rµ)2(Rν)2

]}
+ g5 Tr

[
(Rµ)2

]
Tr
[
(Lν)2

]
+ g6

{
Tr
[
(Rµ)2

]
Tr
[
(Rν)2

]
+ Tr

[
(Lµ)2

]
Tr
[
(Lν)2

]}
.

(19)


