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INTRODUCTION

Electroweak and semileptonic decays of pseudoscalar and vector
mesons have always been a convenient tool for approbation of
various theoretical models and approaches for studying the
structure of hadrons. In this work we present scheme of obtaining
parameters of the model, based on point form of
Poincare

′
-invariant quantum mechanics (further PiQM): authors

using the integral representation of pseudoscalar and vector meson
decay constants define the basic parameters for u, d and s -
quark sector.

The authors note that the obtained values of the parameters of the
model based on the PiQM are used for estimation the observed of
V (P)→ P(V )γ process with following evaluation the quarks
magnetic moments.



OUTLINE

Our aim:

Without using the explicit form of quark-antiquark potential obtain the model
parameters for pseudoscalar and vector mesons on the basis of modern experimental
data.

Stages of solution:

1. Develop a technique for calculating the matrix elements of electroweak
transitions for obtaining the integral representations of the pseudoscalar and
vector mesons decay constants within the framework of a point form of PiQM.

2. Using this technique to obtain integral representations of the constant of the
pseudoscalar density.

3. Carry out the procedure of fixing the parameters of the model: constituent

quark (u−,d− and s− quark) masses, parameters of wave functions βP,V

qQ̄
.

4. Using these parameters calculate the observed of V (P)→ P(V )γ process with
following evaluation of the magnetic moments µq of the quarks in the
framework of PiQM.



Basic features of the model, based on PiQM

In the case of a system of two particles with the masses mq and
mQ̄ and, respectively, with 4-momentums p1 =

(
ωmq(p1),p1

)
p2 =

(
ωmQ̄

(p2),p2

)
basis in point form of PiQM given by

|p1, λ1〉 ⊗ |p2, λ2〉 = |p1, λ1,p2, λ2〉 (1)

and defines a reducible representation of the Poincare group.
Using the Clebsch-Gordan decomposition for the Poincare group
let’s construct irreducible representation that characterizes the
entire system: we introduce a full momentum

P = p1 + p2 (2)

and the relative momentum k of two particles 1.

1
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Basic features of the model, based on PiQM

The basis of the two-particle irreducible representation is defined
by the quantum numbers of the total momentum of the total
angular momentum J with a projection µ, effective mass of
noninteracting particles

M0 = M(qQ̄) = ωmq (k) + ωmQ̄
(k) , ωm (k) =

√
k2 + m2, (3)

where k = |k|, and two additional numbers that remove the
degeneracy of this basis. As a result, the vector of a meson with
momentum Q, mass M is given by∣∣Q, Jµ,M(qQ̄)

〉
=

∫
dk

√
ωmq (p1)ωmQ̄

(p2)

ωmq (k)ωmQ̄
(k)V0

×

×
∑
λ1,λ2

∑
ν1,ν2

Ω
{
` s J
ν1,ν2,µ

}
(θk , φk) ΦJ

` s (k)× (4)

×D1/2
λ1, ν1

(nW1)D
1/2
λ2, ν2

(nW2) |p1, λ1,p2, λ2〉 .



Basic features of the model, based on PiQM

In (4)

Ω
{
` s J
ν1, ν2,µ

}
(θk , φk) = C

{ s1 s2 s
ν1, ν2,λ

}
C
{
` s J
m,λ,µ

}
Y` m (θk , φk) =

= C
{ s1 s2 s
ν1, ν2, ν1+ν2

}
C
{

` s J
µ−(ν1+ν2), ν1+ν2,µ

}
Y` µ−(ν1+ν2) (θk , φk) , (5)

where C
{ s1 s2 s
ν1, ν2,λ

}
, C
{
` s j
m,λ,µ

}
– Clebsch-Gordan coefficients of

SU(2) group, Ylm(θk , φk) – the spherical functions and D (nW ) –
Wigner rotation function.

Wave function ΦJ
` s (k) taking into account the number of colors

of quarks Nc is normalized by the condition2:∑
`,s

∞∫
0

dkk2
∣∣∣ΦJ

` s (k)
∣∣∣2 = Nc . (6)

2
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Leptonic decay in PiQM

The decay constants P(qQ̄)→ `+ ν` , `→ V (qQ̄) + ν̄` and
V (qq̄)→ `+ ¯̀ pseudoscalar and vector mesons with masses MP

and MV , after removing the element of the Kobayashi-Maskawa
matrices, are determined by the expressions3:〈

0
∣∣∣ĴµP (0)

∣∣∣Q,MP

〉
=

i

(2π)3/2

1√
2ωMP

(P)
PµfP , (7)

〈
0
∣∣∣ĴµV (0)

∣∣∣Q, 1λV ,MV

〉
=

i

(2π)3/2

εµ(λV )√
2ωMV

(P)
MV fV (8)

where εµ(λV ) - polarization vector of vector meson and fP , fV -
decay constants of mesons, respectively.

3
Andreev, V. V. QCD coupling constant below 1 GeV in the poincare-covariant model / V. V. Andreev //

Physics of Particles and Nuclei Letters-2011.-Vol.4 – 347-355 P.



Leptonic decay in PiQM

The matrix element of the current in the quark basis in the case of
leptonic decays of pseudoscalar and vector mesons are determined
by:

〈
0
∣∣∣ĴµP(0)

∣∣∣p1, λ1,p2, λ2

〉
=

1

(2π)3

ῡλ2(p2,mQ̄)γµγ5uλ1(p1,mq)√
2ωmQ̄

(p2)
√

2ωmq(p1)
,

(9)〈
0
∣∣∣ĴµV (0)

∣∣∣p1, λ1,p2, λ2

〉
=

1

(2π)3

ῡλ2(p2,mQ̄)γµuλ1(p1,mq)√
2ωmQ̄

(p2)
√

2ωmq(p1)
.

(10)

Substituting the meson state vectors (4) in relations (7) and (8)
and using relation (5) for Nc = 3, one can obtain integral
representations of leptonic decays constants of pseudoscalar and
vector mesons :



Leptonic decay in PiQM

fI (mq,mQ̄ , β
I
qQ̄

) =

√
3

2

1

π

∞∫
0

dk k2Φ(k, βI
qQ̄

)

√√√√ W+
mq (k) W+

mQ̄
(k)

M0 ωmq (k)ωmQ̄
(k)
×

×

(
1 + aI

k2

W+
mq (k)W+

mQ̄
(k)

)
, I = P,V ; aP = −1, aV = 1/3 ,

(11)

where

W±
m (k) = ωm (k)±m . (12)

Note,that the integral representation (11) match with the
expressions for the decay constants of pseudoscalar and vector
mesons in the instant and front-forms of PiQM 4.

4
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Leptonic decay in PiQM

For fixing the parameters we using the constant of pseudoscalar
density, which determined by relation 5

〈
0
∣∣Q̄γ5q

∣∣Q,MP

〉
= − i

(2π)3/2

gP√
2 ωMP

(P)
. (13)

From the QCD relations known, that axial current
ĴαP (x) = Q̄(x)γαγ5q(x) and pseudoscalar density
j5(x) = i Q̄(x)γ5q(x) are related by

∂αĴ
α
P (x) = (m̂q + m̂Q̄)j5(x), (14)

where m̂q,Q̄ – current masses of quarks. Therefore relation (14) is
used, as usual, for u and d-quarks (sometimes and for s-quark).

5
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Phys.Rev. – 2003. – Vol. D67. – P. 094010.



Leptonic decay in PiQM

The equation (14) leads to the fact, that the constants fP and gP
are related by (

m̂q + m̂Q̄

)
gP = M2

P fP . (15)

Using the matrix element of the current in the quark basis (13)〈
0
∣∣∣ĵ5(0)

∣∣∣ p1, λ1, p2, λ2

〉
=

i

(2π)3

ῡλ2 (p2,mQ̄)γ5uλ1 (p1,mq)√
2ωmQ̄

(p2)
√

2ωmq (p1)
, (16)

after some calculation we obtain the integral representation decay
constants gP of pseudoscalar meson:

gP

(
mq,mQ̄ , β

P
qQ̄

)
=

√
3

2

1

π

∞∫
0

dk k2Φ
(
k, βP

qQ̄

)√ M0

ωmq (k) ωmQ̄
(k)

×
(√

W+
mq (k)W+

mQ̄
(k) +

√
W−mq (k)W−mQ̄

(k)
)
. (17)



Numerical results for input parameters

The values of the constituent masses of light quarks (u, d and s)
and the parameters of the wave function βIqQ can be fixed by
means of the experimental values of the decay constants

f
(exp)
π+ = (131.61± 0.17) MeV,

f
(exp)
K+ = (156.87± 0.78) MeV (18)

and the values of the current masses of quarks, obtained with the
use of lattice calculations 6:

m̂u =
(
2.2+0.5
−0.4

)
MeV, m̂d =

(
4.7+0.5
−0.3

)
MeV,

(m̂u + m̂d)

2
=
(
3.5+0.5
−0.2

)
MeV, m̂s =

(
95+9
−3

)
MeV. (19)

The masses of current quarks in MS-scheme were calculated on a
scale µ = 2 GeV.

6
Tanabashi, M. The review of particle physics / M.Tanabashi (and others) //Phys. Rev.– 2018.–Vol.D

98.–1898 P.



Numerical results for input parameters

Assuming that the scale of the violation of isotopic symmetry for
the constituent u and d-quarks is the same as for current, we get
the system of equation

md −mu = m̂d − m̂u = (2.5± 0.4) MeV

fP(mq,mQ̄ , β
P
qQ̄

) = f
(exp)
P ,(

m̂q + m̂Q̄

)
gP(mq,mQ̄ , β

P
qQ̄

) = f
(exp)
P M2

P ,

(20)

whose solution, depending on the choice of the trial wave function

Φos(k, β) = Nos exp

[
− k2

2β2

]
,Nos =

2

π1/4β3/2
, (21)

Φcoul(k, β) =
Ncoul

(1 + k2/β2)2
, Ncoul = 4

√
2

πβ3
, (22)

Φpl(k, β) =
Npl

(1 + k2/β2)3
, Npl = 16

√
2

7πβ3
, (23)



Numerical results for input parameters

is presented in the following table:

Table: The values of the constituent masses of u,d and s-quarks and
parameters of the trial WF βP

qQ̄

WF mu , MeV m̄ud , MeV ms , MeV βP
ud , MeV βP

us , MeV
Φos – (21) 219.5± 9.6 222.0± 9.6 417.0± 61.2 367.9± 25.1 375.5± 19.7

Φcoul – (22) — — — — —

Φpl – (23) 234.6± 25.7 237.1± 25.7 — 557.7± 38.2 —

Values for the test oscillator (Gaussian) WF correlate with the
different models and approaches 7, 8

(mark ”–” means no solution to the system (20) within the error).

7
Choi, H.-M. Kaon electroweak form-factors in the light– front quark model/ H.-M. Choi, C.-R. Ji// Phys.

Rev. – 1999. – Vol. D59. – P. 034001.
8

Krutov, A. F. The K-meson form factor and charge radius: linking low-energy data to future Jefferson
Laboratory measurements/ A. F. Krutov, S. V. Troitsky, V. E. Troitsky// The European Physical Journal C. – July
2017. – Vol. 77,� 7. – P. 464



Numerical results for input parameters

The experimental values f
(exp)
V from decays τ → V (qQ) + ντ

f
(exp)
ρ+ = (209.32± 1.51) MeV, f

(exp)
K∗+ = (205.33± 6.23) MeV .

(24)

After solving the equation fV (mq,mQ̄ , β
V
qQ̄

) = f
(exp)
V we find the

values of the parameters βVud and βVus for oscillator WF (21):

βVud = (311.0± 2.1) MeV, βVus = (313.6± 24.2) MeV; . (25)



Numerical results for input parameters

Since in our model isotopic symmetry between u– and d– quarks
weekly broken, we assume, that

βVuu = βVud −4βud ,

βVdd = βVud +4βud , (26)

βVds = βVus +4βud ,

where 4βud w md −mu = (2.5± 0.2) MeV. Using experimental
data 9 on ω–meson decays and experimental value for
θV = (31.92± 0.2)o–angle into `¯̀–pair it’s become possible to
obtain following value:

βVss = (336.56± 1.38) MeV. (27)

9
Amelino-Camelia,G. Physics with the KLOE-2 experiment at the upgraded DAφNE/ G. Amelino-Camelia, F.

Archilli, D. Babusci // Eur. Phys. J.–Vol. C 68–2010.–P.619-681



Numerical results

Since we fixed basic parameters of the model, we can estimate following
observed:

Table: Comparing experimental and theoretical values

Decay channel Exp.value of decay constant, MeV Theoretical value, MeV
(†)π+ → `ν̃` f

(exp.)

π+ =131.61±0.17 fπ+ =131.61±0.11
(†)K+ → `ν̃` f

(exp.)

K+ =156.87±0.78 fK+ =156.87±0.43
(†)τ → ρ+ν̃τ f

(exp.)

ρ+ =209.32±1.51 fρ+ =209.34±0.55

(†)τ → K∗+ν̃τ f
(exp.)

K∗+ =205.33±6.23 fK∗+ =205.33±4.32
(†)ω → `¯̀ f

(exp.)
ω =46.82±8.12 fω=46.82±2.74

ρ0 → `¯̀ f
(exp.)

ρ0 =156.42 ±14.44 fρ0 =148.36±3.12

φ→ `¯̀ f
(exp.)
φ =76.21 ±1.24 fφ=76.24±3.72

Note, that theoretical value for fρ in a good agreement with 9,10

fρ0 =
fρ+

√
2

= (148.39± 0.04) MeV. (28)

9
Kokkedee, J. The quark model/ J. Kokkedee. – New York- Amsterdam: W. A. Benjamin Inc., 1969. 239 P.

10
Okun, L.B. Leptons and quarks / L.B. Okun – Moscow, Science .– FML., 1990. – 346P .



Radiative decays of mesons in PiQM

Matrix element of vector (pseudoscalar) meson decay
V (P)→ P(V )γ in point form of PiQM is parameterized by relation

〈Q
′
,MP |Ĵα(0)|Q, 1λV ,MV 〉 =

i

(2π)3
gVPγ

εανρσεν(λV )VρV
′

σ√
4V0V

′
0

√
MVMP ,

(29)

where V and V
′

– 4−violicities of mesons. Using definition
K ∗(λV ) = −iεανρσεν(λV )VρV

′
σ for decay constant we get

gVPγ = (2π)3
√

4V0V
′
0〈Q

′
,MP |

(K∗(λV ) · J(0))√
MVMP (K (λV ) · K∗(λV ))

|Q, 1λV ,MV 〉.

(30)



Radiative decays of mesons in PiQM

The matrix element of the current in the quark basis for these
types of decay is given by

〈
p
′

1, λ
′

1,p
′

2, λ
′

2

∣∣∣Ĵµ(0)
∣∣∣p1, λ1,p2, λ2

〉
=

1

(2π)3

eq ūλ′1
(p
′

1,m
′

q)Γµuλ1 (p1,mq)√
2ωm′q

(p
′
1)
√

2ωmq (p1)

(31)

+
1

(2π)3

eQ̄ ῡλ′2
(p
′

2,m
′

Q̄
)Γµυλ2 (p2,mQ̄)√

2ωm
′
Q̄

(p
′
2)
√

2ωmQ̄
(p2)

,

where we assuming, that V (P)→ P(V )γ decay caused by
electromagnetic interaction of quark and photon, so

mq = m
′
q, mQ = m

′
Q , (32)

Γµ = F1(q2)γµ + F2(q2)
σµν

2mq,Q
qν .



Radiative decays of mesons in PiQM

In (29) form–factors of quarks F1(q2) and F2(q2) at

q2 = 0, q = Q − Q
′
. (33)

normalized by

F1(0) + F2(0) = µq,Q̄ , µ =
e

2m
(1 + κ). (34)

After some calculation in the Breit system, where

K (λV ) =

√
$2 − 1√

2
{0,−iλV , 1, 0}, $ =

(
VQ · VQ′

)
, (35)

one can obtain the integral representation of decay constant:



Radiative decays of mesons in PiQM

gVPγ =

∫
dk k2 Φ(k, βV

qQ̄
)Φ(k, βP

qQ̄
)
(
eqf1(k,mq,mQ̄)+ (36)

+
eqκq
2mq

f2(k,mq,mQ̄)− eQ̄ f1(k,mQ̄ ,mq)−
eQ̄κQ̄
2mQ̄

f2(k ,mQ̄ ,mq)

)
,

where

f1(k,mq,mQ̄) =
1

3 ωmq(k)

(
mq + mQ̄

ωmq(k) + ωmQ̄
(k)

+
mq

ωmq(k)
+ 1

)
,

(37)

f2(k,mq,mQ̄) = −2

3

m2
q + ωmq(k)(mq + ωmq(k))

ω2
mq

(k)
.



Numerical stadies of radiative decays of mesons in PiQM

For fixing values of the u, d , and s–quark magnetic moments we use ρ+,
K∗+ and K∗0 decay constant values (this choice is due to the fact that
the quark structure of these mesons doesn’t depend on the mixing angles
θV ,P).
Using relations (37) leads to following values of the quarks anomalous
magnetic moments 11:

Table: Quark magnetic moments from V → Pγ decays

Quark magnetic moment PiQM
κu -0.123±0.08
κd -0.088±0.015
κs -0.198 ±0.011

11
Andreev, V.V., Haurysh V.Yu. Radiative decays of light vector mesons in Poincare-invariant quantum

mechanics / V.V. Andreev, V.Yu. Haurysh // Journal of Physics: Conference Series – V.678 –2016.



Mixing scheme of mesons in PiQM

For further calculations let’s define the mixing scheme for
pseudoscalar and vector mesons by

(
φ
ω

)
= U(φV )

(
ψq

ψs

)
,

η
η′
G

 = U(φP , αG , φG )

ψq

ψs

ψG

 , (38)

where φV , φP , αG , φG−mixing angles 12,13,

ψq =
1√
2

(
|uū〉+ |dd̄〉

)
, ψs = |ss̄〉, (39)

and ψG− glueball component.
We note that similar mixing scheme was used to calculate the

lepton constants in (27,28).

12
Osipov, A.A. The π0 − η − η′ mixing in a generalized multiquark interaction scheme / A.A. Osipov, B.

Hiller // Phys.Rev.D–1999.–Vol.93,n.11–P.116005
13

Thomas, C. E. Composition of the Pseudoscalar η and η′ Mesons/ C. E. Thomas// JHEP. – 2007. – Vol.
10. –P. 026.



Numerical stadies of radiative decays of mesons in PiQM

In (38) matrix U(φP , αG , φG ) defined as

U(φP , αG , φG ) =

Xη Yη Zη
Xη′ Yη′ Zη′

XG YG ZG

 (40)

wherefrom

η = Xηψq + Yηψs + ZηψG , (41)

η′ = Xη′ψq + Yη′ψs + Zη′ψG .

Using (41) and experimental data 14 , we also can obtain gluonium
Zη/η′–component 15.

14
Tanabashi, M. The review of particle physics / M.Tanabashi (and others) //Phys. Rev.– 2018.–Vol.D

98.–1898 P.
15

Ambrosino, F. A.[KLOE Collaboration] Global fit to determine the pseudoscalar mixing angle and the
gluonium content of the η′ meson / F.A. Ambrosino (and others) //JHEP.– 209.–Vol.7.–105 P.



Numerical stadies of radiative decays of mesons in PiQM

Using the obtained values of quarks magnetic moments and value
θP = (−9± 2.4)°, we obtain the following values of the decay wight
V (P)→ P(V )γ in the framework of the model:

Table: Decay wight V (P)→ P(V )γ taking into account quark magnetic
moments

V → Pγ Γ(exp.), keV Γ, keV
(†) ρ+ → πγ

68±7 (fit)
68±7 (average) 68± 2

(†) K∗+ → K+γ
50±5 (fit)
50±5 (average) 50± 3

(†) K∗0 → K 0γ
116±10 (fit)
116±9 (average) 116± 5

ω → π0γ
713±26 (fit)
788±29 (Achasov) 704± 13

ω → ηγ
3.8±0.4 (fit)
5.4±1.1 (average) 6.8± 2.3

φ→ π0γ
5.5±0.2 (fit)
5.4±0.5 (Achasov) 5.6± 2.1

φ→ ηγ
55.4±1.2 (fit)
58.9±2.9 (Achasov) 55.7± 2.5

φ→ η′γ 0.26(fit)
0.4 (Akhmetshin) 0.27± 0.14

ρ0 → π0γ
69±9(fit)
77±28(Achasov) 83± 4

ρ0 → ηγ
44±3(fit)
41±2(average) 44.8± 3.5

η′ → ρ0γ
56±4(fit)
56±3(average) 56.9± 2.3

η′ → ωγ
5.1±0.5(fit)
5.0±0.4(Ablikim) 5.1± 0.8



Discussions

Well known, that a naive mixing scheme forη − η′–mesons without
glueball component leads to a value of the angle θP ≈ −14°, which is
confirmed in the works, devoted to calculations on lattice QCD, chiral
models etc. Nevertheless, the recent tendency to take into account the
glueball component leds to the results −10° ≥ θP ≥ −20°: for
SU(3)-breaking effects used the value θP ≈ −17°

16, in hidden local
symmetry model (HLS) obtained θP ≈ −11°

17, while the analysis of the
experimental data gives the value of the angle θP ≈ −12°.

The obtained in our work value θP = (−9.1± 2.4)° or
φP = θP + arctan

√
2 = (54.3± 2.1)° lays within reasonable limits

compared to other approaches and models. In addition, using the values
αG and φG (see (38)) one can obtain value |Zη′ | = 0.48± 0.12, which
according to the authors is a good result, using global fit for
V (P)→ P(V )γ decays, was obtained |Zη′ | = 0.34± 0.04 18 .

16
Bramon, A. Radiative V P gamma transitions and η–η′ mixing / A. Bramon, R.Escribano//Phys. Lett.

B–2001.–V. 503.-P. 271-276.
17

Benayoun, M. Radiative decays, nonet symmetry, and SU(3) breaking / M. Benayoun, L.DelBuono //Phys.
Rev.D–1999.–V. 59.-P. 114027.

18
Ambrosino, F. A.[KLOE Collaboration] Global fit to determine the pseudoscalar mixing angle and the

gluonium content of the η′ meson / F.A. Ambrosino (and others) //JHEP.– 209.–Vol.7.–105 P.



SUMMARY AND DISCUSSIONS

In the course of the work, the technique of calculating the integral
representations of the pseudoscalar and vector meson decay
constants was presented, as well as the pseudoscalar density
constants, on the basis of which the values of the constituent
quark masses and the parameters of the wave functions has been
obtained. Note, that parameters of the model, based on point form
of PiQM, correlated with the values obtained in the light–front and
instant form of dynamics.

The authors note that the obtained values of the parameters of the
model are used for estimation the observed of V (P)→ P(V )γ
process with following evaluation the quarks magnetic moments.
Proposed calculation technique modified for future research
form–factors behavior of the V → P`+`− decay of vector mesons.
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