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Quantum Electrodynamics - The first Quantum Field Theory

R. Feynman S. Tomonaga J. Shwinger F. Dyson

• Covariant Feynman Rules

• The first UV divergences: electron self energy, 

vacuum polarization

• The idea of renormalization

• Multiplicative renormalization - Dyson 

transformations

• QED - renormalizable quantum field theory

• First radiative corrections: anomalous magnetic 

moment of electron 
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Nobel Prize motivation: “for their 
fundamental work in quantum 
electrodynamics, with deep-ploughing 
consequences for the physics of 
elementary particles”
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enormalization operation   

• BPHZ  -operation — the basis 
for obtaining finite expressions 

for the Green functions and S-

matrix elements in generic 

quantum field theory
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N. Bogoliubov O. Parasyuk K. Hepp W. Zimmerman

H. Lehman K. Symanzik W. Zimmerman
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RG = (1�KR0)G

• Bogoliubov-Parasiuk theorem:

In any local quantum field theory 

after subtraction of subdivergences 

the overall UV divergence is 

always local in coordinate space

• LSZ reduction formula shows how to obtain the S-matrix from time-ordered Green functions. 

It is fundamental to practical calculations of scattering processes. 
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Renormalization group   

N. Bogoliubov D. ShirkovM. Gell-Mann F. Low

E. Stuekelberg A. Peterman

C. Callan K. Symanzik

Normalization group generated by infinitesimal 
operators P_i connected with renormalization of the 
coupling constant e 
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Running coupling

Summation of the leading asymptotic (leading logs) with the 
help of the RG equations

Asymptotic freedom of  
the strong coupling



Renormalizability in Quantum Field Theory   

G. ’t HooftM. Veltman

Proof of renormalizability of spontaneously 
broken Yang-Mills theory
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Gauge choice Unitarity v  Renormalizability

The Standard Model is a renormalizable gauge 
quantum field theory!
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*-operation
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F. Tkachov K. Chetyrkin V. Smirnov
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R⇤ = R̃R

UV IR

UV counterterm 
Contraction of subgraph

Locality in coordinate space

R-operation

IR counterterm
Removal of subgraph

Locality in momentum space

R-operation

Δ(γ) Δ(γ)
Pγ Pγ

~

~

~
~

R* is a generalisation of the R-operation which includes the IR divergent subgraphs 
-  new powerful technique to calculate multiloop Feynman diagrams



• The Standard Model is renormalizable
• Gravity is not renormalizable
• All cosmological models are non-renormalizable

Non-renormalizable theories are not accepted due to:

• UV divergences are not under control - infinite number of new types of  divergences
• The amplitudes increase with energy (in PT) and violate unitarity

However:

• R-operation equally works for NR theories and leads to local counter terms
• Due to locality all higher order divergences are related to the lower ones

  These properties allow one to write down the RG equations for the 
scattering amplitudes, effective potential, etc  which sum up the leading 
divergences (logarithms)  and to find out the high energy/field behaviour 

Non-renormalizable interactions



The Recurrence Relation

This is the generalized RG equation valid in any  (even non-renormalizable) theory!

n�2X

k=1

n A_n = - 2 A_n-1 - A_k A_n-1-k

• This is the general recurrence relation that reflects the locality of the counter 
terms in any theory 

• In renormalizable theories A_n is a constant and this relation  is reduced to the 
algebraic one

• In non-renormalizable theories A_n depends on kinematics and one has to 
integrate through the one loop diagrams

Taking  the sum one can transform the recurrence relation

into integro-diff equation

X

n

An(�z)n = A(z)

Kazakov,20
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Leading terms



D=6 N=2
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dz
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2 (tsx(1� x))p.

RG Equation

SYM_D

Linear equation

Non-linear equation

Bork,Kazakov,Kompaneets,Vlasenko, 13

Borlakov,,Kazakov,Tolkachev,Vlasenko, 15



• Maximally supersymmetric gauge theory in D=6,8,10 dimensions  SYM
• Scalar field theory in D=4,6,8,10 dimensions  
• Gauge theory in D=4,6,8 dimensions YM
• Supersymmetric Wess-Zumino model with quartic superpotential  in 

D=4            

Examples:

D
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These are the toy models for (super) gravity - our aim

Based on:         Phys. Lett. B734 (2014) 111, arXiv:1404.6998 [hep-th]
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                         JHEP 12 (2016) 154, arXiv:1610.05549v2 [hep-th] 
                         Phys.Rev. D95 (2017) no.4, 045006  arXiv:1603.05501 [hep-th]
                         Phys.Rev. D97 (2018) no.12, 125008, arXiv:1712.04348 [hep-th],  
                         Phys.Lett. B786 (2018) 327-331, arXiv:1804.08387 [hep-th] 
                         Symmetry 11 (2019) 1, 104, arXhiv:1812.11084 [hep-th] 
                         Phys.Lett.B 797 (2019) 134801, arXiv:1904.08690 [hep-th]  
                         Труды Мат. Инст. им. В.А. Стеклова, 2020, т. 308, с. 1–8 
                         JHEP 06 (2022) 141, arXiv:2112.03091 [hep-th]

https://arxiv.org/abs/1812.11084
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Effective Potential in Arbitrary Scalar Theory in D=4

<latexit sha1_base64="zR4SHY6pgLOSt9dufSSd1WXkNxo="></latexit>

Veff (g,�) =
1X

k=0

(�g)kVk(�)
<latexit sha1_base64="X2DkNExw8xmYCICNZqDv592Saxg=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2QdinZNNuGJtklyQpl6a/w4kERr/4cb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCye3c7zxRpVkkH8w0pr7AI8lCRrCx0mN74Fb78ZidD8oVt+ZmQKvEy0kFcjQH5a/+MCKJoNIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepxIJqP80OnqEzqwxRGClb0qBM/T2RYqH1VAS2U2Az1sveXPzP6yUmvPZTJuPEUEkWi8KEIxOh+fdoyBQlhk8twUQxeysiY6wwMTajkg3BW355lbQvat5lrX5frzRu8jiKcAKnUAUPrqABd9CEFhAQ8Ayv8OYo58V5dz4WrQUnnzmGP3A+fwCt4I+w</latexit>

V0(�) - Classical potential

<latexit sha1_base64="U7Qnadr7OidgHwQr+mhlhECiEtc=">AAACFnicbVDLSsNAFJ3UV62vqEs3g0Woi5akFHUjFHXhsqJthSaWyWTSDp08mJkINeQr3Pgrblwo4lbc+TdO0yy09cCFwzn3cu89TsSokIbxrRUWFpeWV4qrpbX1jc0tfXunI8KYY9LGIQv5rYMEYTQgbUklI7cRJ8h3GOk6o/OJ370nXNAwuJHjiNg+GgTUoxhJJfX1KrQ8jnDiQuuaDnyUJu5DelrNRGg2YOWiX8+tw7t6Xy8bNSMDnCdmTsogR6uvf1luiGOfBBIzJETPNCJpJ4hLihlJS1YsSITwCA1IT9EA+UTYSfZWCg+U4kIv5KoCCTP190SCfCHGvqM6fSSHYtabiP95vVh6J3ZCgyiWJMDTRV7MoAzhJCPoUk6wZGNFEOZU3QrxEKlEpEqypEIwZ1+eJ516zTyqNa4a5eZZHkcR7IF9UAEmOAZNcAlaoA0weATP4BW8aU/ai/aufUxbC1o+swv+QPv8AfVPnVc=</latexit>

d⌃

dz
= �1

4
(D2⌃)

2
<latexit sha1_base64="TlI+IrcgDqBHZ7X1UdtnJ4YWKLU=">AAACAXicbZDLSgMxFIYz9VbrbdSN4CZYhApSZqSoG6HoxmVFe4HOMGTSTBuaZIYkI5ShbnwVNy4UcetbuPNtTKddaPWHwMd/zuHk/GHCqNKO82UVFhaXlleKq6W19Y3NLXt7p6XiVGLSxDGLZSdEijAqSFNTzUgnkQTxkJF2OLya1Nv3RCoaizs9SojPUV/QiGKkjRXYe94t7XNUcY69ZECPLlqBU8kpsMtO1ckF/4I7gzKYqRHYn14vxiknQmOGlOq6TqL9DElNMSPjkpcqkiA8RH3SNSgQJ8rP8gvG8NA4PRjF0jyhYe7+nMgQV2rEQ9PJkR6o+drE/K/WTXV07mdUJKkmAk8XRSmDOoaTOGCPSoI1GxlAWFLzV4gHSCKsTWglE4I7f/JfaJ1U3dNq7aZWrl/O4iiCfXAAKsAFZ6AOrkEDNAEGD+AJvIBX69F6tt6s92lrwZrN7IJfsj6+AfK+lUs=</latexit>

⌃(0,�) = V0(�)

<latexit sha1_base64="4aRIF6EAeZG4Dx+j6EuxgGvGBHU="></latexit>

Veff (g,�) = g⌃(z,�)|z!� g

16⇡2 log gv2/µ2 .

RG pole equation (in the leading log approximation)

Effective potential
<latexit sha1_base64="pi4HLnd/zQHD8kM7w9p6sCyl1bA=">AAACFXicbVDLSsNAFJ34rPUVdelmsAgVpCShqMuiG5cV7AOaNEwmk3bo5OHMpFBCf8KNv+LGhSJuBXf+jZM2C209cLmHc+5l5h4vYVRIw/jWVlbX1jc2S1vl7Z3dvX394LAt4pRj0sIxi3nXQ4IwGpGWpJKRbsIJCj1GOt7oJvc7Y8IFjaN7OUmIE6JBRAOKkVSSq5+PXatqJ0N6ZpOHlI6hHXCEM79vtV1jbkwzP+99a+rqFaNmzACXiVmQCijQdPUv249xGpJIYoaE6JlGIp0McUkxI9OynQqSIDxCA9JTNEIhEU42u2oKT5XiwyDmqiIJZ+rvjQyFQkxCT02GSA7FopeL/3m9VAZXTkajJJUkwvOHgpRBGcM8IuhTTrBkE0UQ5lT9FeIhUrFIFWRZhWAunrxM2lbNvKjV7+qVxnURRwkcgxNQBSa4BA1wC5qgBTB4BM/gFbxpT9qL9q59zEdXtGLnCPyB9vkDQZOeRw==</latexit>

v2(�) ⌘
d2V0(�)

d�2

This a non-linear partial differential equation!

This equations sums the leading logs in all orders of PT!

Kazakov, Tolkachev, Iakhibbaev 22
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Example III:  Inflation Potential

• Peak at the origin 
• Additional minima

<latexit sha1_base64="x5qPEjej/y9zl++8MtQNHd/t+BU=">AAACJHicbVDLSsNAFJ3UV62vqEs3g0WoC0tSigoiFN24rGgf0KRlMpm0QycPZiZCDfkYN/6KGxc+cOHGb3HaBtHWAwOHc87lzj1OxKiQhvGp5RYWl5ZX8quFtfWNzS19e6cpwphj0sAhC3nbQYIwGpCGpJKRdsQJ8h1GWs7wcuy37ggXNAxu5Sgito/6AfUoRlJJPf3M8jjCiWvd0L6P0sS9T8+PJho0q7CUud0K/AlY0YB2K+lht9LTi0bZmADOEzMjRZCh3tPfLDfEsU8CiRkSomMakbQTxCXFjKQFKxYkQniI+qSjaIB8IuxkcmQKD5TiQi/k6gUSTtTfEwnyhRj5jkr6SA7ErDcW//M6sfRO7YQGUSxJgKeLvJhBGcJxY9ClnGDJRoogzKn6K8QDpHqRqteCKsGcPXmeNCtl87hcva4WaxdZHXmwB/ZBCZjgBNTAFaiDBsDgATyBF/CqPWrP2rv2MY3mtGxmF/yB9vUNvUqkOw==</latexit>

d⌃

dz
= �1

4
(
d2⌃

d�2
)2

<latexit sha1_base64="4W3/iJyjURW8t82xzHstwm5SGzg=">AAACDXicbVDLSgMxFM3UV62vUZduglWoIGVGirosunFZ0T6gU0smzbShSWZIMkId5gfc+CtuXCji1r07/8a0nYW2Hrhwcs695N7jR4wq7TjfVm5hcWl5Jb9aWFvf2Nyyt3caKowlJnUcslC2fKQIo4LUNdWMtCJJEPcZafrDy7HfvCdS0VDc6lFEOhz1BQ0oRtpIXfvAu6F9jkpeIBFOHtKE31XS4+nLiwbUCOlR1y46ZWcCOE/cjBRBhlrX/vJ6IY45ERozpFTbdSLdSZDUFDOSFrxYkQjhIeqTtqECcaI6yeSaFB4apQeDUJoSGk7U3xMJ4kqNuG86OdIDNeuNxf+8dqyD805CRRRrIvD0oyBmUIdwHA3sUUmwZiNDEJbU7ArxAJkktAmwYEJwZ0+eJ42TsntarlxXitWLLI482AP7oARccAaq4ArUQB1g8AiewSt4s56sF+vd+pi25qxsZhf8gfX5AxY4nDk=</latexit>

⌃(
z

m4
,
�

m
)

<latexit sha1_base64="LphY7e23u6eQMIqRTrd7hNOMC04=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5CRbBVUmkqBuh6MZlBfuAppTJ9KYdOpkJMxOhDcFfceNCEbf+hzv/xmmbhbYeuHA4517uvSeIGVXadb+twsrq2vpGcbO0tb2zu2fvHzSVSCSBBhFMyHaAFTDKoaGpZtCOJeAoYNAKRrdTv/UIUlHBH/Q4hm6EB5yGlGBtpJ59NLn2Q4lJOshSH2JFmeBZzy67FXcGZ5l4OSmjHPWe/eX3BUki4JowrFTHc2PdTbHUlDDISn6iIMZkhAfQMZTjCFQ3nV2fOadG6TuhkKa4dmbq74kUR0qNo8B0RlgP1aI3Ff/zOokOr7op5XGigZP5ojBhjhbONAqnTyUQzcaGYCKpudUhQ2zC0CawkgnBW3x5mTTPK95FpXpfLddu8jiK6BidoDPkoUtUQ3eojhqIoAl6Rq/ozXqyXqx362PeWrDymUP0B9bnD2Msldg=</latexit>

z =
g

✏

<latexit sha1_base64="4aRIF6EAeZG4Dx+j6EuxgGvGBHU="></latexit>

Veff (g,�) = g⌃(z,�)|z!� g

16⇡2 log gv2/µ2 .
<latexit sha1_base64="pi4HLnd/zQHD8kM7w9p6sCyl1bA=">AAACFXicbVDLSsNAFJ34rPUVdelmsAgVpCShqMuiG5cV7AOaNEwmk3bo5OHMpFBCf8KNv+LGhSJuBXf+jZM2C209cLmHc+5l5h4vYVRIw/jWVlbX1jc2S1vl7Z3dvX394LAt4pRj0sIxi3nXQ4IwGpGWpJKRbsIJCj1GOt7oJvc7Y8IFjaN7OUmIE6JBRAOKkVSSq5+PXatqJ0N6ZpOHlI6hHXCEM79vtV1jbkwzP+99a+rqFaNmzACXiVmQCijQdPUv249xGpJIYoaE6JlGIp0McUkxI9OynQqSIDxCA9JTNEIhEU42u2oKT5XiwyDmqiIJZ+rvjQyFQkxCT02GSA7FopeL/3m9VAZXTkajJJUkwvOHgpRBGcM8IuhTTrBkE0UQ5lT9FeIhUrFIFWRZhWAunrxM2lbNvKjV7+qVxnURRwkcgxNQBSa4BA1wC5qgBTB4BM/gFbxpT9qL9q59zEdXtGLnCPyB9vkDQZOeRw==</latexit>

v2(�) ⌘
d2V0(�)

d�2

<latexit sha1_base64="GUvJPMVDBMQx1FTeznoSAQWSxMI=">AAAB+XicbVBNSwMxEJ2tX7V+rXr0EiyCp7IrRb0IRS8eK9gPaGvJptk2NMkuSbZQlv0nXjwo4tV/4s1/Y9ruQVsfDDzem2FmXhBzpo3nfTuFtfWNza3idmlnd2//wD08auooUYQ2SMQj1Q6wppxJ2jDMcNqOFcUi4LQVjO9mfmtClWaRfDTTmPYEHkoWMoKNlfqu2w0VJukwS8VTNbvxvb5b9ireHGiV+DkpQ4563/3qDiKSCCoN4Vjrju/FppdiZRjhNCt1E01jTMZ4SDuWSiyo7qXzyzN0ZpUBCiNlSxo0V39PpFhoPRWB7RTYjPSyNxP/8zqJCa97KZNxYqgki0VhwpGJ0CwGNGCKEsOnlmCimL0VkRG2URgbVsmG4C+/vEqaFxX/slJ9qJZrt3kcRTiBUzgHH66gBvdQhwYQmMAzvMKbkzovzrvzsWgtOPnMMfyB8/kDAESTQA==</latexit> g

m4
= 10

<latexit sha1_base64="6B3x0kZkNOswRsBdXPlSqEklkAY=">AAAB+XicbVDLSgNBEOyNrxhfqx69DAbBU9iV+LgIQS8eI5gHJGuYncwmgzOzy8xsICz5Ey8eFPHqn3jzb5wke9DEgoaiqpvurjDhTBvP+3YKK6tr6xvFzdLW9s7unrt/0NRxqghtkJjHqh1iTTmTtGGY4bSdKIpFyGkrfLqd+q0RVZrF8sGMExoIPJAsYgQbK/VctxspTLLBJBOP1cn1uddzy17FmwEtEz8nZchR77lf3X5MUkGlIRxr3fG9xAQZVoYRTielbqppgskTHtCOpRILqoNsdvkEnVilj6JY2ZIGzdTfExkWWo9FaDsFNkO96E3F/7xOaqKrIGMySQ2VZL4oSjkyMZrGgPpMUWL42BJMFLO3IjLENgpjwyrZEPzFl5dJ86ziX1Sq99Vy7SaPowhHcAyn4MMl1OAO6tAAAiN4hld4czLnxXl3PuatBSefOYQ/cD5/AAZYk0Q=</latexit> g

m4
= 50

One-loop One-loop

RG summed

RG summed

<latexit sha1_base64="4uIUehMeev8BuP45QpbvUQnLwdU=">AAACB3icbVDLSgMxFM34rPU16lKQYBFdlRkp6rLoxmVF+4DOMGTSTBuaZIYkIwxjd278FTcuFHHrL7jzb0zbWWjrgcDhnHu5OSdMGFXacb6thcWl5ZXV0lp5fWNza9ve2W2pOJWYNHHMYtkJkSKMCtLUVDPSSSRBPGSkHQ6vxn77nkhFY3Gns4T4HPUFjShG2kiBfeDd0j5Hxw9B7iUD6unYoyLS2QgaCp3ArjhVZwI4T9yCVECBRmB/eb0Yp5wIjRlSqus6ifZzJDXFjIzKXqpIgvAQ9UnXUIE4UX4+yTGCR0bpwSiW5gkNJ+rvjRxxpTIemkmO9EDNemPxP6+b6ujCz6lIUk0Enh6KUgZNxHEpsEclwZplhiAsqfkrxAMkEdamurIpwZ2NPE9ap1X3rFq7qVXql0UdJbAPDsEJcME5qINr0ABNgMEjeAav4M16sl6sd+tjOrpgFTt74A+szx+5VJk4</latexit>

⌃0|�!1 ! 0

<latexit sha1_base64="6BAE1YonZcmdz+Rc791mAt7Hesg=">AAACBXicbVC7TsMwFHXKq5RXgBEGiwqJqUpQBYwVLIxF0IfURJHjOq1V24lsBykKXVj4FRYGEGLlH9j4G9w2A7QcydLROffq+pwwYVRpx/m2SkvLK6tr5fXKxubW9o69u9dWcSoxaeGYxbIbIkUYFaSlqWakm0iCeMhIJxxdTfzOPZGKxuJOZwnxORoIGlGMtJEC+9C7pQOOHoLcS4bU07FHRaSzsWHQDeyqU3OmgIvELUgVFGgG9pfXj3HKidCYIaV6rpNoP0dSU8zIuOKliiQIj9CA9AwViBPl59MUY3hslD6MYmme0HCq/t7IEVcq46GZ5EgP1bw3Ef/zeqmOLvyciiTVRODZoShl0EScVAL7VBKsWWYIwpKav0I8RBJhbYqrmBLc+ciLpH1ac89q9Zt6tXFZ1FEGB+AInAAXnIMGuAZN0AIYPIJn8ArerCfrxXq3PmajJavY2Qd/YH3+APTJmN4=</latexit>

⌃|�!1 ! 1

<latexit sha1_base64="gnpEn7C1V2SRXTZapKHE+lyBiIw=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUDc1KUXdCEU3LivYBzQxTKaTZOhkEmYmQgnd+CtuXCji1s9w5984bbPQ6oELh3Pu5d57/JRRqSzryygtLa+srpXXKxubW9s75u5eVyaZwKSDE5aIvo8kYZSTjqKKkX4qCIp9Rnr+6Hrq9x6IkDThd2qcEjdGIacBxUhpyTMPQtj1rMsQOgrx6L5Rc9KInsYnnlm16tYM8C+xC1IFBdqe+ekME5zFhCvMkJQD20qVmyOhKGZkUnEySVKERygkA005iol089kDE3islSEMEqGLKzhTf07kKJZyHPu6M0YqkoveVPzPG2QquHBzytNMEY7ni4KMQZXAaRpwSAXBio01QVhQfSvEERIIK51ZRYdgL778l3Qbdfus3rxtVltXRRxlcAiOQA3Y4By0wA1ogw7AYAKewAt4NR6NZ+PNeJ+3loxiZh/8gvHxDUAxlOs=</latexit>

gV0 = g tanh2(�/m)
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General Resume

 The UV divergences in non-renormalizable theories are local and can be 
removed by local counter terms like in renormalizable ones

 The main difference is that the renormalization constant Z depends on 
kinematics and acts like an operator rather than simple multiplication

 Based on locality of the counter terms due to the Bogoliubov-Parasiuk  
theorem one can construct the recurrence relations that define all loop 
divergences starting from one loop

 The recurrence relations can be converted into the generalized RG 
equations just like in renormalizable theories

 The RG equations allow one to sum up the leading (subleading, etc) 
divergences in all loops and define the high-energy/field  behaviour
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General Resume

 The UV divergences in non-renormalizable theories are local and can be 
removed by local counter terms like in renormalizable ones

 The main difference is that the renormalization constant Z depends on 
kinematics and acts like an operator rather than simple multiplication

 Based on locality of the counter terms due to the Bogoliubov-Parasiuk  
theorem one can construct the recurrence relations that define all loop 
divergences starting from one loop

 The recurrence relations can be converted into the generalized RG 
equations just like in renormalizable theories

 The RG equations allow one to sum up the leading (subleading, etc) 
divergences in all loops and define the high-energy/field  behaviour

 I have a suggestion how to handle the problem of infinite arbitrariness  in 
NR theories but … this is the subject of another prize


