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3d gravity as gauge theory

Main feature of 3d gravity: there are no dynamical degrees of freedom.

3d-Einstein theory <» Chern-Simons theory (Witten, 88)

Connection 1-form includes spin connection w and frame field e

A=w+e=wyJ* + e, P

Problem: how to describe Chern-Simons theory with non-compact gauge group?
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Chern-Simons theory

Connection 1-form
A=A, dx" = AZ(X)dXH ® T?.

Chern-Simons theory

k 2
Scs(A) = E/Tr(A/\dA—f— gAAAAA).
M

Equations of motion

F=dA+AAA=(9,A% - 9,A% +fP°AP AL )dx A dx” @ T* = 0.
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Chern-Simons theory: quantization in holomorphic gauge

Let decompose R3 as
R3=RxC
(x0,%x1,%x2) = (t =%0, 2 =x1 +ix2, Z=x1 — ix3).
(A3 AL AS) > (A2 = AJ, A2 = A} +iA3, A7 = AT —iA3)
Holomorphic gauge
A2=0

Then
ANANA |a,=0=0
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Chern-Simons theory: quantization in holomorphic gauge

Then the effective lagrangian

i
&ﬁ:fwmﬁ%ﬂ+%w%m@m+WMﬁﬁﬁ@WMM%W%M&&
in holomorphic gauge takes the form

Log = 0™ AR 9,AP — B?9,c* = A20;A? — A29;A? — B*9,c?

Since last term doesn’t contain gauge field, it can be ignored. We see that
obtained lagrangian describes free theory

Log = APO;A? — A29; AP
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Wilson loops

Consider Wilson loop operator
WE(A) = TrgP exp{i/A}
¥
In holomorphic gauge if can be evaluated explicitly

s | 2 (0% A\ dlos(a, — 2,06y

n:O A PEP2a k=1

o0

(Wg(C,A)) =

where
Gp = Trg(Tr@T?»® T?»En) called group factors.

For more details see (Kauffman, Knot and Physics).
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More about Kontsevich integral

WrCA) =Y [

n=0 o(z1)<0(z2)<---<0(z2n)

N dz, — dz;
E —_1)p¢ e e (3
x Cy g . ( ) /_\ Ziy, — Zjy P
p={(i1,j1),(i2,j2);---;(in,in) } EP2n k=1

Domain of integration

Iy
A 2
i
Trnax Tmax
Iey I !
Ie, |
Te, =
Frmin | 4
Imin |~V
- = T
= Imin Ie, I, Fmax
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More about Kontsevich integral

Group factors
Gp = Trr(TP»@Tp@  Tp(20)

can be represented as chord diagrams.
For example consider Tr(T*TPT*TP). Corresponding chord diagram is
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More about Kontsevich integral

(Kontsevich, 92) Every term in perturbation series is finite.

Wr(CA) =S [

n=0 o(z1)<0(z2)<--<0(z2n)

7
p={(i1,j1),(i2,j2),--(in»jn) }EP2n k=1 Tt Uk

% Z (_1)P¢ /n\ diik — dz;, Gy

For unknot Kontsevich integral is

1 < 1 AN 1 1
R |- == )+ == +—@+
24\ 5760 7 1152 2880

Every coefficient in this series is knot invariant.
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Wigner-Inont contraction

SO(4) generators in fundamental representation
(Tab)rs =1 (5as 5br - 5ar 5bs)7 a, ba C, de {134}

Ly =Tz, Ly =Tz, L3 =Ty, Ky =Ty, Ko =Tay, Kz =Tsy.
S0(4) = SO(3) x T(3)
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Wigner-Inont contraction

SO(4) — SO(3) x T(3)

Now we include parameter of the contraction

K =

- O O O
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Wigner-Inont contraction

Now we can identify
LR 5 1590 KR 5 PTG R - o0, i€ {1,3}.

Traces (in fundamental representation) which contain generators of
translations vanish in limit R — oo

Tre (K)") = ((-1)" + )R™2 — 0 as R — oo,

T (LR (1)) =

Only traces of SO(3) generators are still non-zero.

(D)™ + 1) ((-1)* +1) (1-5;) R"™/2 — 0 asR — oo
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Kontsevich integral after contraction

After contraction SO(4) — SO(3) x T(3) we obtain Kontsevich integral for
maximal compact subgroup SO(3)

(WR(C,A))sow) = (Wr(C, A))sos)

(Wr(C, A)) =

(27r1 / Z )pi/\dlog (7, — 2j, )Gy,

pEPan

where

Gp = Trp(Tr®WTe®@  T%p(n) T?* — generators of SO(3)
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Discussion

Kontsevich integral for SO(4) group reduces after contraction to integral for
SO(3) - maximal compact subgroup of SO(3) x T(3).

From perturbative point of view we can’t see effects from non-compactness of
gauge group.

Another possible contraction

SO(3) — SO(2) x T(2) = U(1) x R? = Heisenberg algebra

Theta representation of Heisenberg algebra <>

<> Appearance of integrals of modular forms in perturbative series.
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Discussion

Thank you!
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