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3d gravity as gauge theory

Main feature of 3d gravity: there are no dynamical degrees of freedom.

3d-Einstein theory↔ Chern-Simons theory (Witten, 88)

Connection 1-form includes spin connection ω and frame field e

A = ω + e = ωabJab + eaPa.

Problem: how to describe Chern-Simons theory with non-compact gauge group?
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Chern-Simons theory

Connection 1-form
A = Aµdxµ = Aa

µ(x)dxµ ⊗ Ta.

Chern-Simons theory

SCS(A) = k
4π

∫
M

Tr(A ∧ dA + 2
3
A ∧A ∧A).

Equations of motion

F = dA + A ∧A = (∂µAa
ν − ∂νAa

µ + fabcAb
µA

c
ν)dxµ ∧ dxν ⊗ Ta = 0.
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Chern-Simons theory: quantization in holomorphic gauge

Let decompose R3 as
R3 = R× C

(x0, x1, x2) 7→ (t = x0, z = x1 + ix2, z̄ = x1 − ix2).

(Aa
0,A

a
1,A

a
2) 7→ (Aa

t = Aa
0, A

a
z = Aa

1 + iAa
2, A

a
z̄ = Aa

1 − iAa
2)

Holomorphic gauge
Aa
z̄ = 0

Then
A ∧A ∧A |Az̄=0= 0
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Chern-Simons theory: quantization in holomorphic gauge

Then the effective lagrangian

Leff = i
2
εαβν [Aa

α∂βA
a
ν+ g

3
fabcAa

αA
b
βA

c
ν ]+BanµAa

µ+ca (δadnµ∂µ+gfabdnµAb
µ) cd

in holomorphic gauge takes the form

Leff = δabεmnAa
m∂z̄A

b
n − Ba∂z̄ca = Aa

t∂z̄A
a
z −Aa

z∂z̄A
a
t − Ba∂z̄ca

Since last term doesn’t contain gauge field, it can be ignored. We see that
obtained lagrangian describes free theory

Leff = Aa
t∂z̄A

a
z −Aa

z∂z̄A
a
t
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Wilson loops

Consider Wilson loop operator

WR
γ (A) = TrRP exp{i

∫
γ

A}

In holomorphic gauge if can be evaluated explicitly

〈WR(C,A)〉 =
∞∑
n=0

1
(2πi)n

∫
∆

∑
p∈P2n

(−1)p↓
n∧

k=1

d log(zik − zjk)Gp,

where
Gp = TrR(Taσp(1)Taσp(2) . . .Taσp(2n) ) called group factors.

For more details see (Kauffman, Knot and Physics).
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More about Kontsevich integral

〈WR(C,A)〉 =
∞∑
n=0

1
(2πi)n

∫
o(z1)<o(z2)<···<o(z2n)

×

×
∑

p={(i1,j1),(i2,j2),...,(in,jn)}∈P2n

(−1)p↓
n∧

k=1

dzik − dzjk
zik − zjk

Gp

Domain of integration
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More about Kontsevich integral

Group factors
Gp = TrR(Taσp(1)Taσp(2) . . .Taσp(2n) )

can be represented as chord diagrams.
For example consider Tr(TaTbTaTb). Corresponding chord diagram is
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More about Kontsevich integral

(Kontsevich, 92) Every term in perturbation series is finite.

〈WR(C,A)〉 =
∞∑
n=0

1
(2πi)n

∫
o(z1)<o(z2)<···<o(z2n)

×

×
∑

p={(i1,j1),(i2,j2),...,(in,jn)}∈P2n

(−1)p↓
n∧

k=1

dzik − dzjk
zik − zjk

Gp

For unknot Kontsevich integral is

Every coefficient in this series is knot invariant.

Alexander Lobashev, MSU Kontsevich integral in topological models of gravityFebruary 2, 2018 9 / 16



Wigner-Inönü contraction

SO(4) generators in fundamental representation

(Tab)rs = i (δas δbr − δar δbs), a, b, c, d ∈ {1, 4}.

L1 ≡ T23, L2 ≡ T13, L3 ≡ T12, K1 ≡ T14, K2 ≡ T24, K3 ≡ T34.

SO(4)→ SO(3) n T(3)
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Wigner-Inönü contraction

SO(4)→ SO(3) n T(3)

Now we include parameter of the contraction

LR
i ≡ Li, i ∈ {1, 3},

KR
1 =


0 0 0 −i
0 0 0 0
0 0 0 0
i
R 0 0 0

 , KR
2 =


0 0 0 0
0 0 0 −i
0 0 0 0
0 i

R 0 0

 ,

KR
3 =


0 0 0 0
0 0 0 0
0 0 0 −i
0 0 i

R 0

 .
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Wigner-Inönü contraction

Now we can identify

LR
i → LSO(3)

i , KR
i → PT(3)

i , R→∞, i ∈ {1, 3}.

Traces (in fundamental representation) which contain generators of
translations vanish in limit R→∞

TrF
(
(KR

j )n
)

= ((−1)n + 1)R−n/2 −→ 0 as R→∞,

TrF
(
(LR

i )n(KR
j )m

)
= 1

4
((−1)m + 1) ((−1)n + 1) (1−δij) R−m/2 −→ 0 as R→∞

Only traces of SO(3) generators are still non-zero.
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Kontsevich integral after contraction

After contraction SO(4)→ SO(3) n T(3) we obtain Kontsevich integral for
maximal compact subgroup SO(3)

〈WR(C,A)〉SO(4) → 〈WR(C,A)〉SO(3)

〈WR(C,A)〉 =
∞∑
n=0

1
(2πi)n

∫
∆

∑
p∈P2n

(−1)p↓
n∧

k=1

d log(zik − zjk)Gp,

where

Gp = TrF(Taσp(1)Taσp(2) . . .Taσp(2n) ), Ta − generators of SO(3)
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Discussion

Kontsevich integral for SO(4) group reduces after contraction to integral for
SO(3) - maximal compact subgroup of SO(3) n T(3).

From perturbative point of view we can’t see effects from non-compactness of
gauge group.

Another possible contraction

SO(3)→ SO(2) n T(2) ∼= U(1)× R2 ∼= Heisenberg algebra

Theta representation of Heisenberg algebra↔

↔ Appearance of integrals of modular forms in perturbative series.
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Discussion
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